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Surface equations of state and electron emission S-curves for metallic surfaces immersed 
in monato~c metallic vapors are calculated theoretically. The results are shown to be in 
agreement with most of the available experimental results. No adjustable parameters are 
used. 

1. Introduction 

In previous studies the theoretical calculations of electron work fun~t~onl), 

atom and ion desorption energies s), and desorption ratesa) for bimetallic 
adsorption systems were reported. In this communication the results of these 
studies are combined to establish the equations of state that relate the degree 
of coverage 8 to the temperatures, T of the surface and T’ of the vapor bath, 
and to the sheath potential, #,, prevailing in the vicinity of the surface. Such 
equations are useful both for studies of surface hysteresis effects and for the 
derivation of electron emission S-curves. 

Many relations 8(T, T’) have been reported by others, usually in the form 
of isotherms and they are reviewed by de Boer4) and Emmetts). These iso- 
therms, however, do not account for the nonlinear variation of the desorption 
energy with 0, and many of the parameters are adjustable. 

Calculations of electron emission S-curves have also been derived by other 
authors either by means of a perturbation techniques) of the Taylor-Lang- 
muir’) cesium-tungsten system or by considering the initial adsorption 
energy as an adjustable parameters). 

2. Surface equation of state 

The purpose of this section is to derive an equation of state for metallic 
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surfaces partially covered by monatomic metallic particles, including the 

effect of a positive sheath potential, &, in the vicinity of the surface. The 

adsorption system under consideration is defined in ref.“) apart from the 

sheath potential which is introduced for the purposes of the present dis- 

cussion. 

The general equation of state is a balance between incoming and unre- 

flected outgoing particles. Specifically: 

E’ = E, + E, exp( - @JW) (1) 

where E’ = qv’d exp( - 4’/kT’) = rate of atom arrival from vapor bath*, 

E, = O,VC@ exp(AS/k) exp( - $,/kT) = rate of atom emission from surface, 

EP = coPwf@ exp(AS/k) exp( - #~/~~) = rate of ion emission from surface, 

and all other quantities are defined and/or computed in ref.2p 3). From these 

definitions it is readily seen that the surface equation of state is an explicit or 

implicit function of fundamental properties of the materials involved in the 

adsorption system, the degree of surface coverage B and the temperatures 

T and T’ of the surface and the vapor bath, respectively. 

In order to illustrate some of the implications of the equation of state, the 

right hand side of eq. (1) is depicted in fig. 1 as a function of 8. The figure is 

derived for the system ~esium-tungsten with the c~stallograp~li~ally sensitive 

properties: bare tungsten electron work function c$, = 4.62eV, electron work 

function at one monolayer coverage Cpr = 1.8 1 eV, number of adatoms at one 

monolayer lif = 4.8 X 1014cm-2 and with other typical properties taken from 

table 1 a) and table 23). The surface temperature is T= 1400°K. 

Id- 
/ PREDOMINANT PREDOMINANT - 
i ION EMISS!ON 

14;- 
ATOM EMISSION ! 

,.- -. ----- , 

Fig, 1. Theoretical plot of atom plus ion des- 
orption rates of cesium from tungsten versus 
coverage for different values of the sheath po- 
tential and 2’ = 1400 “K. 

* If locally superheated vapor is present, then E' is decreased by the factor 2/m, 
obtained from a pressure balance. 
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It is observed that when 4, is of the order of kT and given an appropriate 

arrival rate E’ (represented by a horizontal line in fig. I), surface state 

equilibrium occurs for several values of 8. This multivaluedness of 8 leads to 

new hysteresis effects as illustrated in fig. 2 where 8, Ep and the electron emis- 

sion rate 1, = 120T’ exp( - +,/kT) are plotted versus 4, for T’ = 366 “K. 

Further analysis shows that given a value of the surface temperature, 

hysteresis effects occur only over a limited range of T’. For example, for the 

Fig. 2. Theoretical hysteresis effects in the 
system cesium-tungsten for T = 1400 “K, 
T’ = 366 “K: (a) coverage; (b) ion emis- 

+,(eV) 
sion; (c) electron emission versus sheath 
potential. 

above system and T = 1400”K, this range is 354°K < T’ < 368 “K. For 

T > 2000°K there are no hysteresis effects because the variation of 

E, + E, exp (- @,lkT) as a function of 0 is monotonic. 

Different hysteresis effects have been examineda-11) previously under the 

conditions: 4, = 0, T’ fixed, and T variable. The hysteresis occurs at low 

coverage, is reproducible, and has been observed for cesium on W, Re, MO, 

and Nb. Indeed, a simple equation for the minimum temperature for satur- 

ated ion emission can easily be derivedlO) by maximizing E, with respect to 0 

at constant Tand setting the result equal to E’. It is necessary only to presume 

that the ion desorption energy increases linearly with 0 for 0 < 0.1. 

An important simplification of the equation of state occurs when 4, % kT. 

Then all the emitted ions are reflected back to the surface and all the emitted 

electrons are transmitted. Thus eq. (1) reduces to the form: 

1000 4’ 1000 1 ---=--_ ~ T A T’ + 5.054, In 5 exp (AS/k)] . (2) 



352 3. D. LEVINE AND E. P. GYFTOPOULOS 

Since the atom desorption energy, c#,, the change in configuration entropy, 

AS, and the vibration frequency, v, are functions of 6 only, as shown in 

ref.29s), eq. (2) indicates that the coverage 0 is a simple function of reciprocal 

T and T'. 

A plot of eq. (2) for the same ~sium-tungsten system, with 6’ as a free para- 

meter, is shown in fig. 3. The region of values of interest is bounded by the 

vertical line, 1000/T= 0.27, characteristic of melting tungsten and by the 

45” line, T = T', corresponding to bulk liquid cesium formation. The dashed 

45” line indicates the calculated region in which the formation of the second 

layer becomes important 3). The melting transition of bulk cesium introduces 

a small slope change of the isoteric lines at the melting point lO~/T' = 3.3. 

Superimposed on fig. 3 are also experimental data reported by Taylor 

and Langmuir7) who specified that for their cesium on tungsten system 

4, = 4.62eV, & = 1.81 eV, or = 4.8 x 10’4cm-2. The agreement between 

theory and experiment is good. No adjustable parameters are used. 

The quasi-linear relationship between l/T and l/T’ for constant t?, under 

conditions of saturated electron emission, has also been derived by other 

authors who did not, however, give explicit formulas for the calculation of 

the slopes and intercepts of the isoteric lines69 12). 

Plots similar to those of fig. 3 can be constructed for other adsorption 

systems but the reported experimental data are not adequately described to 

permit meaningful quantitative comparisons. QuaIitatively, experimental 

Fig. 3. Comparison of theoretical surface 
equation of state (solid lines) with experi- 
mental results (crosses) for tungsten coated 
by cesium when dX % kT. 
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results of constant electron work function (p, plotted on a l/T versus l/T’ 
plane fall on a straight lineis). In addition, for 0.1 < 13 < 0.4, 4, is approxi- 
mately a unique function 6, of T/T’. These results are in agreement with the 
present theory. 

3. Electron emission S-curves 

The purposes of this section are to theoretically derive electron emission 
S-curves for bimetallic adsorption systems, to discuss the sensitivity of these 
curves with respect to various characteristic parameters of the system, and to 
compare the derived results with available experimental data. 

Electron emission S-curves are plots of saturated, field free electron emis- 
sion versus 1000/T with T’ as a running parameter. They are derived by 
combining the Richardson equation 

1, = 120T2 exp(- (P,.kT) 

with the equation of state (eq. (2)). 

(3) 

The derivation of S-curved involved some ambiguity with regard to the 
appropriate value of the sheath potential, #,, that must be used in eq. (1). 
Specifically for rj, > kT the electron emission is saturated but not strictly 
field free. On the other hand, for #, N 0, the electron emission is field free 
but not truly saturated when the reflected ions can alter the coverage 
(fig. 2c). 

For the purposes of discussing saturated electron emission, 4, is taken 
much greater than kT but not large enough to result in appreciable field 
emission. This choice is consistent with the way saturated measurements were 
made by different experimenters 7,14pis). Zollwegrs) proposes that S-curves 
correspond to (ft, = 0, but this is not in accord with experimental conditions 
since all measurements are taken with a positive potential of the order of 
a volt. 

3.1 SENSITIVITY OF S-CURVES 

The family of S-curves of fig. 4 are calculated for a hypothetical cesium- 
tungsten system with T’ = 473 “K. Curve A is derived for (p, = 4.62eV, 
$Q = 1.81 eV, c+ = 4.8 x 1014cm-2. Curves B through Fare derived by arbi- 
trarily varying #,, (br and cr, by + 10 % and using different combinations of 
these values as shown in the figure. 

The main conclusion from this figure is: if for different crystaIlographic 
arrangements of the substrate 10 % independent variations of &,, &, of are 
possible, then the electron emission may vary by an order of magnitude. This 
conclusion is general because it applies to other adsorbate-substrate combina- 
tions besides c&urn-tungsten. It has been verified qualitatively by many 
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Fig. 4. Parametric study of sensitivity of 
S-curves for the system cesium-tungsten for 
different combinations of values of &, #f, 10 L- 

and Ipi and T’ = 473 “IL 

I cs-w 
T’= 473OK 

E 

experimenters 69 17918) and quantitatively by means of field emission measure- 

ments i4, lg). 

Another conclusion of this analysis is that small independent variations 

of (br, caused by epitaxial growth of the monolayer, are much more effective 

in causing higher electron emission than similar variations of #J, and/or 

a,. The conclusion is in contrast to the currently accepted idea6) that S-curves 

are excZusiveZy sensitive to 4,. If this idea were true, then S-curves would not 

cross over in their rising parts (see curves B and C, fig. 4) which is contrary to 

experimental results1”*17-Lg ). Admittedly, the contradiction might be re- 

conciled by assuming that the variations of Cp,, &r and a, are coupled. 

At the present time, however, there is no known correlation between these 

quantities. 

3.2. COMPARISON OF THEORY WITH EXPERKMENTAL RESULTS 

The comparison of theoretical S-curves with reported experimental results 

is somewhat ambiguous because many experimenters do not specify the 

important parameters $,, & and or pertinent to their specimens. There are 

two alternatives to take in attempting to compare theory with these experi- 
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ments : (a) use typical values of &, &, and q, with the uncertainty that they 

are not necessarily applicable to the data under consideration; (b) determine 

the set of +,, & and of values that best fit the data, but then the correlation is 

not truly theoretical. In what follows both alternatives are presented. Input 

parameters other than #,, q$, and cr, are taken from table 12) and table 2s). 

Fig. 5 presents a famiIy of S-curves for the system cesium-tungsten derived 

for 4, = 4.62eV, (pf = 1.81 eV, o’f = 4.8 x 10’4cm-2 and different cesium 

bath temperatures (solid lines). 

Superimposed on the same figure are the S-curves reported by Taylor 

and Langmuir7) for T’ = 237 “K, 270 “K and 313 “K (dashed lines). 

These authors reported that their specimens had 4, = 462eV, #f g 1.8 1 eV 

and @ = 4 8 Y 10’4cm-2. F -j Good agreement between theory and experiment 

is observed over several orders of magnitude. The agreement would improve 

substantially if the theoretical curves were derived for 4, = 4.62eV, 

I#+ = 1.75eV and err = 4.8 x 10*4cm-2. 

Houstonl4) reported S-curves for cesium on a different specimen of 

tungsten and T’ = 373 “K, 423 “K, 473 “K, Cp, = 4.62eV. His data are also 

shown in fig. 5 (circles). The agreement with the theoretical curves is favor- 

able but it is better if #, = 4.62eV, Ipf = 1.65eV, o, = 4.5 x 10’4cm-2. 
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Fig. 5. Comparison of theoretical S-curves (solid lines) with experimental results of 
Taylor and Langmuir (dashed lines) and Houston [circles) for the system cesium-tungsten. 
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3.2.2. Cs on polycrystalline MO 

Fig. 6 presents a family of S-curves for cesium on polycrystalline molyb- 

denum derived for 4, = 4.38eV, & = 1.81eV and a, = 4.8 x 10’4cm-2. 

Superimposed on the figure are also the data of Houstonl*) and Aamodt 

et al.15) for similar systems. The agreement between theory and experiment 

Fig. 6. Comparison of theoretical S-curves 
(solid lines) with experimental results of 
Houston (triangles) and Aamodt et al (cir- 
cles and squares) for the system cesium- 
molybdenum. 

04 06 08 1.2 

1000/T 

1000/T 

Fig. 7. Comparison of three theoretical 
curves (A, B, C) with experimental results 
of Houston (circles) for the system cesium- 
tantalum at T’ = 473 “K. 
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substantiates the selected value #, = 4.38eV and it could be improved by 
properly adjusting the values of (bf and or that were not reported. 

3.2.3. Cs on polycrystalline Ta 

Fig. 7 presents theoretical curves for cesium on tantalum derived for 
different combinations of #,, (Pr, and a, and T’ = 473°K. Superimposed on 
the same figure are data reported by Houstonr*) who did not determine &, 
+r and cr,. It is estimated that the data can be best approximated by the para- 
meters cft, = 4.19eV, $r = 1.65 and of = 4.2 x 10’4cm-2. 

3.2.4. Cs on polycrystalline Nb 

Fig. 8 presents theoretically derived S-curves for cesium on niobium 
and reported experimental data. 13114) * The agreement between theory 
and experiment is poor even though a variety of combinations of val- 
ues &,, #r and a, are used. In order to match the data an unusually low 
value of crr( < 3 x X0’4cm-2) must be assumed. This value, however, is 
surprising since the lattice constants of Nb, W, MO and Ta are similar. 

1000/T 

Fig. 8. Comparison of three theoretical curves (A, B, C) with experimental results of 
Houston (circles) and Hatsopoulos and Kitrilakis (squares) for the system cesium-niobium 

at T’ = 413 “K. 

* In fig. 7 of ref. 13) “Nb” should be substituted for “MO”. S. Kitrilakis, personal com- 
munication. 
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3.3. PREDICTION OF S-CURVES FOR Cs ON OTHER METALS 

For completeness and because cesium is frequently used in thermionic 

energy conversion, some important values of S-curves for cesium on 21 tran- 

sition metals have been calculated. These values are derived for T’ = 573 “K, 

typical bare metal electron work functions, 4,,,, taken from table 1 of ref.2), 

dr = 1.81 eV and or = 4.8 x 10r4cm -‘. The results are shown in table 1. 

For each substrate, the emission minimum, the emission maximum, the 

minimum work function and the surface temperature at which they occur 

are given. 

The table indicates that the emission from the first transition metal series 

in an order of magnitude lower than that of the other metals. This is prima- 

rily due to the relatively small heat of sublimation of these metals (see also 

ref.2). 

The results also allow the classification of the transition metals either in 

terms of decreasing minimum emission (W, Re, MO, Ta, Tc, Nb etc.) or in 

terms of decreasing maximum emission (W, Re, MO, Ta, Tc, Nb etc.). The 

latter classification has also been verified experimentally14). Admittedly, 

however, changes in the apparent crystallographic structure of the surface 

TABLE 1 

Calculated S-curve properties for Cs on 21 transition metals at T’ = 200 “C 

Metal 

Ti 

V 

Cr 

Mn 

Fe 

co 

Ni 

Zr 

Nb 
MO 
Tc 
RU 
Rh 
PO 
Hf 
Ta 
W 
Re 
OS 
Ir 
Pt 

Emission min. 

(A/cm”) (1000/T) 

6 x 1OV 0.14 

2 x 10-4 0.69 

1 x 10-4 0.63 

3 x 10-T 0.96 

3 x lo-” 0.15 

4 X 10-5 0.75 

1 x IO-5 0.66 

0.001 0.64 

0.005 0.62 

0.008 0.56 

0.007 0.57 

0.004 0.57 

0.002 0.55 

4 x 10-5 0.68 

0.005 0.68 

0.008 0.59 

0.013 0.54 

0.009 0.50 

0.002 0.50 

0.002 0.51 

0.004 0.50 

Emission max. Qe min. 

(A/cm’) 

5 x 10-4 

12 x 10-4 

6 x IO-” 

5 x 10-T 

1 x 10-4 

2 x 10-4 

2 x 10-b 

0.01 

0.07 

0.14 

0.11 

0.05 

0.03 

2 :< 10-a 

0.04 

0.13 

0.27 

0.15 

0.02 

0.02 

0.05 

(1000/T) (ev) (1OOOiT) 

1.07 1.78 1.58 

1.01 I .79 1.50 

1 .oo 1.79 1.70 

1.25 1.80 2.02 

1.07 1.79 1.66 

1.07 1.79 1.64 

1.01 1.79 1.78 

1 .OO 1.76 1.29 

0.93 1.78 1.18 

0.88 1.78 1.23 

0.89 1.78 1.24 

0.91 1.78 1.27 
0.93 1.78 1.32 

1 .os 1.77 1.68 

0.94 1.78 I .22 

0.90 1.78 1.15 

0.85 I .77 1.19 

0.85 1.77 1.22 

0.95 1.78 1.46 

0.92 1.71 1.35 

0.90 I .77 1.30 
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may overshadow the above results which are derived on the basis of the 

arbitrarily assumed values of 4,, 4f, of (see also fig. 4). 

It is interesting to note that a practically identical classification of the 

transition metals with regard to maximum emission has been derived by 

approximating the state equation (eq. 2) by 4, = 4/T/T’. The controlling 

factor of this classification3) is the ratio 4ao/4,,, where 4ao is the .atom 

desorption energy at zero coverage. It is evident from this approximate 

treatment, as well as from the preceding more accurate analysis, that emitter 

materials with the higher 4, do not necessarily have the higher emission. 

Another result evident from table 1 is that the minimum electron work 

function is not very different from bulk cesium for all the transition 

metals. Many experimenters have reported minimum work functions as low 

as 1.4eV. It is felt that such low values result from contamination of the 

surface by electronegative contaminants. It is well known for example that 

traces of oxygenal) and fluorineIs) lower the minimum work function in the 

cesium-metal system. Also, it is experimentally established that the system 

barium-tungsten has a pronounced minimum22) which disappears when both 

clean barium and a clean tungsten surface are used.*s,24) 

Finally, the derived values for Ni are in poor agreement with experimental 

results. Experimentally 25) it is found that Ni in the presence of Cs is a good 

electron emitter even though table 1 classifies it as a poor emitter. But this 

man be due to contamination. 

It is possible to derive S-curves for any combination of substrate and ad- 

sorbate materials and a given vapor bath temperature. A general computer 

program is available for this type of parametric study. 
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