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An extended Chapman-Cowling formalism is used to derive transport differential equations for the
charged-particle species in low-energy, three-component, two-temperature plasmas consisting of electrons,
ions, and neutrals. The analysis is developed in two parts: (a) the charged-particle Boltzmann equations are
solved for the charged-particle distribution functions; (b) these distribution functions are used to reduce the
charged-particle hydrodynamic equations into a system of differential equations involving the densities,
temperatures, and electrostatic potential of the plasma, and a set of transport coefficients which depend upon
the prevailing collision laws. A general procedure for the computation of the transport coefficients is given,
and illustrative numerical results are presented for specific collision laws.

1. INTRODUCTION

HE purpose of this paper is to derive a set of

plasma transport differential equations suitable

for the analysis of transport phenomena in low-energy,
three-component, two-temperature plasmas.

Transport differential equations for nonuniform
plasmas have been derived by others.!—* The resulting
equations are expressed in terms of the densities, tem-
peratures, and electric field of the plasma, and contain a
set of transport coefficients which depend upon the
prevailing collision laws. Chapman and Cowling® have
considered the case of single-temperature plasmas in
which inelastic collisional processes may be neglected.
Stanchanov and Stepanov* have recently modified the
Chapman-Cowling formalism to include two-tempera-
ture plasmas. These authors, however, have presented
the transport coefficients in a form which is not amenable
to physical interpretation, and have imposed unneces-
sary restrictions on the elastic collision laws. None of
the previous authors have discussed in any detail the
effect of inelastic collisions.

In this paper the Chapman-Cowling formalism is
extended to obtain transport equations for the charged-
particle species in low-energy, three-component, two-
temperature plasmas. The derived equations are novel
in that they take into account both charged-particle
and charged-particle-neutral-particle elastic collisions,
inelastic collisions, and electron kinetic energy transport.
The equations may be solved to yield the charged-
particle density, electron temperature, and electric
field profiles within the plasma. These profiles may in
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turn be used to compute current-voltage characteristics
and other properties of a plasma device.?

In the derivations no restrictions are imposed on the
elastic collision laws. Inelastic collisions are included
through appropriate approximations. The analysis is
applicable to plasmas in which : (a) the mass of the nega-
tive charge carriers is much smaller than the mass of
positive ions and of neutral particles; (b) the neutral-ion
collision frequency is much smaller than the neutral-
neutral collision frequency; (c) any characteristic mean
free path is much smaller than the characteristic size of
the plasma; and (d) the drift velocities of all species are
much smaller than the corresponding random velocities.

The paper is divided into five sections. In Sec. 2 the
Boltzmann and macroscopic hydrodynamic equations
which describe the charged-particle motions are pre-
sented. In Sec. 3 these equations are adapted to the
plasmas described above and the Boltzmann equations
are solved for the charged-particle distribution func-
tions. In Sec. 4 the distribution functions are used to
reduce the charged-particle hydrodynamic equations
into a set of differential equations involving the densi-
ties, temperatures, and electric field of the plasma, and
a set of transport coefficients which depend upon the
prevailing collision laws. The specific procedure for the
computation of the transport coefficients is also given.
In Sec. 5 the evaluation of the transport coefficients is
illustrated through several practical examples.

2. BOLTZMANN AND HYDRODYNAMIC
EQUATIONS

2.1. Boltzmann Equations

The Boltzmann equations for electrons and ions in a
steady-state, three-component plasma consisting of
electrons (e), monatomic ions (), and monatomic
neutrals (o), may be written as

ek 9fa
VeV e N fum 5 Jaﬁ<fa,fﬂ>+(——) e
Ma 8 at in
a=e,i; B=e, i: )

8 D. R. Wilkins and E. P. Gyftopoulos, J. Appl. Phys. 37, 2892
(1966).
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where €4, Ma, Va, and f, are the charge, mass, velocity,
and distribution function of species a, respectively; E
is the electric field; J.s(fa,fs) is the elastic collision
integral for collisions between species a and B8; and
(8f2/3%)in is the inelastic collision integral for species a.
For short-range, two-body interactions, the elastic
collision integral J.s(f«, fs) may be written in the
Boltzmann form?:

Tugfufo)= / f ol f— fufs)
Xpaﬂ(t Va— vﬁ{ ) x)dzﬂd:"vﬁ, (2)

where pag=|Va—Vs|0as(|Va—Vs|, %), oas(|Va—Vs], %)
is the differential elastic sca,ttermg cross section, x is
the polar scattering angle in the center of mass coordi-
nates, @’ is an element of solid angle, and fo'= fu(r,v.")
where v, is the velocity prior to collision. In writing
Eq. (2) for like-particle collisions, the second subscript
is omitted to avoid confusion concerning the variables
of integration.

Note that the set of Egs. (1) does not include a
Boltzmann equation for neutral particles, The reason
is that, if the analysis is restricted to plasmas in which
the neutral-ion collision frequency is much smaller
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than the neutral-neutral collision frequency, then the
distribution function of the neutrals is essentially un-
perturbed by the motions of the charged particles.
Hence, the neutral distribution function need only be .
determined to zero order:

fO (l' VO) f (r Vo) o (mo/27rkT0)f
XCXp( mO'l)o2/2kTo), (3)

where n, and T, are the density and temperature of
species a, respectively, and & is the Boltzmann constant.

2.2. Hydrodynamic Equations

The macroscopic mass, momentum, and energy con-
servation equations for species a(a=¢, £) may be derived
directly from Egs. (1). To this end, multiply each
equation by 1, m,v,, mav.*/2, and integrate each result
over the a-velocity space. Thus:

Vr' Fa=Sain; (43')

Vrpa'*' Vr7=ra"‘ ea”aE—' Z Raﬂ—' Rai" = 0; (4b)
BFa

Vr'qa=eara'E_ Z Qaﬂ_ (4C)
B a

where

nuE/fads'va, Pazf(mavaz/S)fadava, FGE/vmfad3”a; q“Ef(m“vaz/z)vafndava’

MoDo?
T“jkE/md (vaivak_va25fk/3)f¢!d3va; RaﬁE /mavajaﬂ (fa,fﬂ)dava, QaﬂE _/ J

dfa 0fe
SainE/(l_> d*v,, Ra""E/‘Mava<i
at n

In the above equations and identities, pq, Ta, qq, and
.k are the pressure, particle current, kinetic energy
flux, and jkth component of the viscosity tensor, re-
spectively, for species a. Also, Rag and Qg are the rates
of elastic momentum and energy transfer, respectively,
between species a and B; it is easily shown that
Rus=—Rs, and Qug=—Qp,.? Finally, S, R, and
Qo™ are the inelastic rates of production of particles,
momentum, and energy, respectively, for species . The
integrals involved in Identities (5) can be evaluated if
the charged particle distribution functions are known.
If the distribution functions are expressed in terms of
fa, Te, and E, Eqgs. (4) may be reduced to a system of
plasma transport differential equations in these same
variables. The determination of the distribution func-
tions in terms of 74, T, and E is considered in Sec. 3,
and the plasma transport differential equations are
derived in Sec. 4.

afl (fa,fg)dai’a, (5)

mava2 afa
) dava, Qa”"— / 5 (—(;l—>'d3‘l)a. (6)

3. SOLUTION OF BOLTZMANN EQUATIONS

3.1. Properties of Plasmas of Interest

The plasmas of interest here have certain character-
istic properties which, when reflected in Egs. (1), lead to
mathematical simplifications and thereby to explicit
solutions of those equations. These properties and the
related mathematical simplifications are discussed
below.

Near-Maxwellian Property: For plasmas which are
collision dominated, the charged-particle distribution
functions are nearly Maxwellian. Therefore, it is reason-
able to seek perturbed distribution functions of the
form:

fa(t,¥a)=fod (,Va)[1+a(r,Va) 15 ¢a(rVa)K1; a=¢, 1,

(7
fa2(t, V) =na(ma/2mkT ) exp(—mavo?/2kT ).

The meaning of the inequality ¢.(r,v.)<1 is that the
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nonlinear Boltzmann Egs. (1) may be linearized. It is
shown subsequently that the scalar perturbation func-
tions ¢, (r,v,) are of the form

Pa (r,va) =0a(1,%)" Va/Va, ®)

where the vector w.(r,v,) is linear in the density, tem-
perature, and electrostatic potential gradients and
depends only upon |v.|. Note that for distribution
functions of the form indicated by Egs. (7) and (8) the
densities, temperatures, and pressures are defined in a
manner which is consistent with the usual kinetic theory
definitions:

= ] falPva; 3n.kTo= / MV fal®Va; Pa=nokTa.

Small m./mg Property: For plasmas in which
mo/mg<l (8=i, o), the elastic collision integrals J.;,
Jeo, and J ;. of Egs. (2) may be simplified by neglecting
terms of the order (m./mg)t. Specifically,

Jes (fe"fﬁ)ﬁ_ ve8(06) fbe; ©)

:3=i; 0,

Tealfo frlmal 3 fOve / froee)dr,  (10)

where

ves(ve) =ngv, | (1—cosx)oes(ve,2)d2; B=1, 0.

The end result of approximations (9) and (10) is to
decouple the electron and ion Boltzmann equations in
velocity space. A further consequence of these approxi-
mations is that the electron-heavy-particle energy
exchanges reduce to zero, i.e.,

Qei=Qie=Qeo=o- (11)

T.=T, Property: Since the collisional coupling be-
tween the heavy-particle species is efficient, it may be
assumed that the heavy-particle temperatures are equal,
i.e., T;=T, Because of this approximation it is no
longer necessary to retain the ion energy conservation
equation [Eq. (4c); a=1].

Low-Energy Property: For low-energy plasmas, the
inelastic collision integrals (8f./0t):» can be neglected
when solving Eqgs. (1) for the distribution functions.
The electron distribution function so obtained will be
valid at least for electron energies less than the lowest
excitation energy of the neutral species, and may be
used to evaluate (at least) those macroscopic quantities
which are insensitive to its high-energy tail. The elec-
tron distribution function will also be valid for higher
electron energies provided electron—electron collisions
populate the high- -energy tail rapidly compared to the
net rate at which it is depleted through inelastic colli-
sions. This latter requirement is fulfilled, for example,
in plasmas which are approximately in local thermo-
dynamic equilibrium so that forward and reverse reac-
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tions (e.g., excitation and de-excitation) proceed at
approximately the same rate. Arguments similar to the
preceding can be presented concerning the ion distribu-
tion function.

Consistent with the omission of the terms (8f4/9t):n
in Egs. (1) is also the omission of the inelastic collision
forces R, in Eqgs. (4b):

Sm=0; a=e,i.

(12)

The inelastic source terms in S, in Egs. (4a) and the
inelastic energy transfer term Q," in Eq. (4c); (a=e)
are retained, however, since the corresponding terms
arising from elastic collisions are zero.

3.2, Linearized Boltzmann Equations

As stated previously, the charged-particle Boltzmann
Egs. (1) may be linearized for the analysis of near-
Maxwellian plasmas. The linearized form is obtained
by substituting the distribution functions [Eqgs. (7)]
into Egs. (1), by using the approximations discussed
above, and by neglecting second-order terms in
¢a(r,v,). Thus:

(1/p) fLF et (ud—5)nekV, T, ] v,

=— [Vai('”s)"}" Vao(ve)]fed’s_ ”Ja_@’a): (13)
A/p) fFA (ud—5)nkV,. T v;
= —n2Li($s) —nand s (¢, (14)
where

U= (Mo/2kT o) Ve, F.=V.p,+en.E,
FiE Vr_?i_ eﬂiE'— Rie, RicE meffeveVei ('v,)d“v,,

and the linear integral operators 7, and [, are defined

by:
LIG(v)]= / / FH ) £0E)
@) HCW)~G(v)—G¥"]
X pa(| Va—v|, x)d*Qd%,
I8l G(vy) 1= « ) f&
6= / / F5(5v2) 8 (5,v8)

[G(Va) =G (ve!) Jpas (| Va— Vs, 2)d2P0,

where G(v,) may be any scalar or vector function of
Va. Note that the definition of F, does not include a
term of the form R,;. Also note that the operators I,
and I, satisfy the symmetry relation?:

/ B (v.)-I[G (v.) W= f G(v) ILH (v.) ],
I=Ia, Iaﬂ: (15)

where H (v,) is any scalar or vector function of v,.
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The nature of the driving terms in the linear integral
“Eqgs. (13)-(14) permits one to seek general solutions of
the form?

1 /2kT \?
baltyva)=— ( )
RaPa\ Mo

Uy
X [Aa(ua)Fa+Ba (ua)naerTa]'"—; a=e, 7:, (16)

Ua

where A,(u,) and B,(u,) are scalar functions of the
magnitude of u,. Substitution of Eqgs. (16) into Egs.
(13), (14) yields

1 1
—fgouc':Ie(Ae)'I';—zfeO[Vei(ve)'l' Veo(ve)]Ae, (17)
e ¢

1 1
- (uo2_ %)fcoue=I0(Be)+'—;feo["ei(va)"" Veo('ve):lBes (18)
ne

Ne

1 Mo
—foui=I:(A)+—1:(Ad), (19)
g g

1 n
—(ue—5)foui=L:(B)+—I:o(B)), (20)
i

g

where Ap=A o(#.)0s/%t, and B,= B, (#.)0s/t%.

The meaning of Egs. (17)-(20) is that the problem of
determining the distribution functions, f.(r,v.);a=¢, 1,
is reduced to that of finding four scalar functions 4 ,(«,),
B.(u,), A:(u.), and B;(u;) which are solutions of Eqgs.
(17)-(20), respectively. Note that if electron—electron
collisions are negligible, Egs. (17) and (18) may be
readily solved for the scalar functions 4. (%,) and B.(x.)
and the electron distribution function follows directly.
This solution corresponds to the important case of a
Lorentz plasma and is discussed in detail in Sec. 5.
The general solution of Eqs. (17)-(20) cannot be ob-
tained exactly and hence it is necessary to resort to
techniques for generating approximate solutions. One
such technique involves the expansion of A.(u.) and
B.(u,) into series of orthonormal functions and is
discussed below.

3.3. Sonine Polynomial Expansion for
A,(u,) and B,(u,)

In seeking approximate solutions to Egs. (17)-(20),
it is expedient to expand the scalar functions 4 4 (#a)/%e
and B, (u,)/%. into series of the complete, orthonormal
Sonine polynomials of order 3, i.e.:

AU/ tha=Y" 6a™SHus);

Ba(u'a)/ua= Z ba(n)sﬂg(ucl?):
n=0
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where ¢,™ and 5, are exapnsion coefficients and
S»1(z) is a Sonine polynomial of order § and argument 2.2

Substitution of these series into Eqs. (17)-(20), dot-
multiplication of the results by Su}(#.2)u,, and integra-
tion over wvelocity space, yields four infinite sets of
linear algebraic equations of the form:

o0

Z 3a(m.n)aa(n)=ﬁa(1n),
n=0

(22a)

Z 6u(m'")ba(")='7a('”); m=07 1; crr® 5 a=e, ’i: (22b)
=0

where

Solmm= / Sntu eI [SHudu,)d,

+ (l/nez)/fsou'ezl:yei (ve)+ Veo (ve)]
X Snd (1 2)S 2t (ulk)d,,
gymm= / St () LLS o} (u)u; JPo;

+(na/m) / Sl s TS uilde

1 . 3, m=0;
Ba(m)—:—_ Sm’ (ua2)ua2fa0d31)a=
Mo 0, m#0; a=e¢, 1,
1
7a(m)E—]Sm% (ua2)ua2(ua2_%)faod3'va
24
{ —15/4, m=1,
0, m#=1l;, a=¢, 1.

Note that the relations 8, =0 for m>=0, and v, =0
for m>£1 are a consequence of the use of Sonine poly-
nomials of order §. By virtue of Egs. (22) the problem
of solving Egs. (17)-(20) for the scalar functions
A.(u,) and B,(u,) (@=e, 1) is reduced to that of solving
four infinite sets of algebraic equations for the Sonine
expansion coefficients @, and 5,™. Approximate
solutions to any desired degree of accuracy are ob-
tained by truncating the Sonine expansions after NV
terms and solving the resulting 4V equations. The
matrix elements 8, ™ may, in principle, be evaluated
once the collision laws are specified. More specifically,
both terms in the expression for §;™ and the first
term in the expression for §,™™ are special cases of a
general set of collision integrals which have been evalu-
ated and tabulated by Chapman and Cowling® and
Hirshfelder e el The remaining terms in the expres-
sion for 6, may be evaluated by straightforward
integration. From the symmetry property of the /,, and
I,5 operators [Eq. (15)], it is apparent that §,0"™
=0, ; a=e¢, 1.

Equations (22) for m=0 are equivalent to the macro-
scopic momentum conservation equations [Egs. (4b)]
provided the second-order term V,-7, and the inelastic
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collision forces R, are neglected [see Eq. (12)]. Con-
sequently, the momentum conservation Eqs. (4b) are
satisfied in determining the distribution functions and
need not be considered further in discussing the hydro-
dynamic equations. In addition, it can be shown that the
linear algebraic Egs. (22) for m>0 correspond to mo-
ments of the Boltzmann equations higher than that of
the energy conservation Eqgs. (4c).

4. PLASMA TRANSPORT DIFFERENTIAL
EQUATIONS

4.1. Reduced Set of Hydrodynamic Equations

As a consequence of the assumptions and results of
Sec. 3, the set of hydrodynamic Eqs. (4) may be re-
placed by a reduced set of hydrodynamic equations in
which the macroscopic momentum and the ion energy
equations do not appear. The new set is

V.- J,=eSyn; Vo J=eSin, (23a)
Vr'qe= _Je'E_Qein; (23b)

where J,=eI',, and e is the electronic charge. Equations
(23) can be written in terms of the plasma densities,
temperatures, and electric field and a set of transport
coefficients as shown below.

4.2, Particle Currents and Electron Kinetic
Energy Flux

The particle currents J, and J;, and the electron
kinetic energy flux ¢.,, may be determined from the
distribution functions of Sec. 3. Indeed:

J.=e / Vofod*ve=—pe[ Vipeten.E+kTnkV,T.], (24a)

Ji=e / vifidvi=— [ Vepi—enE—Rit+kTnkV,T;],

(24b)
J.5 T
q.= / (mo2/2)v fdPv.=— EkTe-I-——k,TkT e— k¥l e,
e e
(25)

where p, and k.7 are the mobility and thermal diffusion
ratio of species a, respectively, and «, is the electron
thermal conductivity. These transport coefficients are
defined by the relations

2e
Ma= /faouaA a(tta)d*a, (26a)
3naime
2e
ko'=—— ffdoﬂaBa (#4e)d*va, (26b)
3na2maﬂa

yeneszel' 2e

/ FoulB (se)d*,
—keT(%+keT)]. (260)

K=

e |_3ne2m elbe
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In deriving Eqgs. (24)-(26) use is made of the relation

/fdo(ua2_%)Aa‘uudavaE/faoBa'uad3va7 (27)

which is readily established from Egs. (17)-(20) and
the symmetry property [Eq. (15)] of the 7, and I.g
operators.

The last terms in Eqgs. (24) are the ““thermal diffusion”
terms of Chapman and Cowling® and other authors.
The first term on the right-hand side of Eq. (25) repre-
sents enthalpy transport, the second term arises from
the “diffusion thermoeffect,” an energy transport
mechanism which is related to the thermal diffusion
mechanism in Egs. (24a), and the third term accounts
for thermal conduction. The definitions of the transport
coefficients uq, k47, and . are consistent with the usual
definitions of these quantities. It should be noted that
the thermal diffusion ratio appears as a transport coef-
ficient in both Egs. (24a) and (25). This fact is a direct .
consequence of Eq. (27) and is in agreement with a
general reciprocity theorem relating to the thermo-
dynamics of irreversible processes.®

In the case of a Lorentz plasma Egs. (17) and (18)
may be solved exactly for the 4,.(u.) and B.(x.) func-
tions which may in turn be used in Eqgs. (26) to evaluate
the electron transport coefficients (see Sec. 5). To evalu-
ate the ion transport coefficients, as well as the electron
transport coefficients, in a general three-component
plasma, it is necessary to resort to the Sonine expan-
sions. Substitution of these expansions into Egs. (26)
yields the relations:

ea,® 5@
Ba= ;o RT= ;
NaMa aa(o)
(28)
e
Ke= —=— [bs(l)'*'%keTbe(O)]-
2 me

Note that the plasma transport coefficients depend
explicitly only upon a finite (and indeed small) number
of Sonine expansion coefficients regardless of how many
terms are retained in the Sonine expansion Egs. (21).
This convenient result is a consequence of the use of the
Sonine polynomials of order £ in Egs. (21); had other
orthogonal functions been used, Egs. (28) would con-
tain terms corresponding to an infinite number of ex-
pansion coefficients.

The ion force component R;,, arising from the colli-
sional transfer of directed electron momentum to the
ions, can also be written in terms of the Sonine expan-
sion coefficients:

Rio=—[3 (e /n)ac 1V, pot-en.E)
n=0
3 (1™ /1), P T &V, T,, (29
n=0

6 I.. Onsager, Phys. Rev. 38, 2265 (1931).
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where

vei™=(2/3n.) / FoulS 3 (u2) ve:(vo)d..

4.3. Inelastic Collision Terms

The inelastic collision terms (S.*, S, and Q.") in
Egs. (23) may be expressed in terms of the plasma densi-
ties and temperatures once the dominant inelastic
collisional processes are specified. Since these processes
vary greatly according to the plasma under considera-
tiin, the evaluation of the inelastic collision terms must
be related to specific applications of the plasma trans-
port differential equations. Such applications are not
discussed in this paper. It should be noted, however,
that the inelastic collision terms may depend strongly
upon the high-energy tail of the electron distribution
function. If the plasma conditions are such that the high-
energy electrons are nearly Maxwellian, then the elec-
tron distribution functions of Sec. 3 are applicable. If
this condition is not fulfilled, appropriate consideration
must be given to the depletion of the tail of the electron
velocity distribution.

5. EVALUATION OF TRANSPORT
COEFFICIENTS

5.1. Transport Coefficients for Lorentz Plasmas

In the case of a Lorentz plasma, Egs. (17)-(18) may
be solved exactly. Hence the Lorentz plasma provides
a convenient reference case for comparisons. More
specifically, for a Lorentz plasma consisting of electrons
and heavy particles of species 8 only, the electron per-
turbation function and transport coefficients are given
by the relations:

Vrpe ¢E V.T.7 u.
¢(r,ve) = —Ae5(ve) I:'“_“+'—“+ (ul—3) ] —, (30)
) e Te Te Ue
e / Ve f - (3 )
MHe=—" e QVe, la
be 3ves (vc)
e 12 /maE S
khT=— ( ——)f,ods‘vg, (31b)
pepeJ 3vep(v)\2kT, 2
p,kpe[ e / 22
Ke= —_—
4 a“eps 3 Veg (ve)

me.ve? 2
x( )fﬁdave— <%+k£>2], (310
2T

&

where A.g(ve)=v./vs(v,) is the electron free path. Note
that the perturbation ¢,(r,v,) is small compared to unity
when the fractional changes in the electron pressure and
temperature and in the plasma potential are small over
one free path.

D. R. WILKINS AND E. P.
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TasLE I. Transport coefficients for Lorentz plasmas.

Heavy-particle
species Neutrals Neutrals Tons
Collision law (constant ».,)  (constant A.) ©)
e e e
Me _T'
MeVeo MePeo MeVei
keT 0 - % _%
Sn.krT, 2n.k?T, 4dn k2T,
Ke
2Mmeveo MePoo MePes

Shown in Table I are values of the transport coef-
ficients obtained from Egs. (31) for three Lorentz

. plasmas of special interest: (a) the heavy particles are

neutrals and v,,(v.) = constant, (b) the heavy particles
are neutrals and \,.(v.)=constant, (c) the heavy par-
ticles are ions. Results for cases (b) and (c) are pre-
sented in terms of effective electron—neutral and
electron—ion collision frequencies defined by

3mtngreo(RT )}

28m b

2 fnie“ ll’lAe
ﬁeiE 3
128nte?m 2 (kT )}

A
Veo

where o, is the electron—-neutral hard-sphere cross sec-
tion and InA, is the Coulomb logarithm for electrons.,
Note that a Lorentz plasma in which the heavy particles
are ions cannot be achieved experimentally because of
the existence of charge neutrality in laboratory plasmas.
The transport coefficients in Table I are in agreement
with generally accepted values.

Truncation errors associated with terminating the
Sonine expansions after &V terms can be estimated by
using the Sonine expansion technique to evaluate the
transport coefficients for a Lorentz plasma, and compar-
ing the results with the exact values given in Table I.
This comparison for a Lorentz plasma with constant
Neo reveals (Table IT) that the retention of three terms
in each of the Sonine expansions is sufficient to yield all
three transport coefficients correct to within 109,

5.2. Transport Coefficients for a
Three-Component Plasma

The formalism of Secs. 2, 3, and 4 may be used to
evaluate the transport coefficients and R,, in three-
component plasmas. For example, consider a three-

TasLE II. Transport coefficients for a Lorentz plasma with
constant Ago.

Number of terms

in Son@ne

expansion B/ (Beexact BT/ (BeT)exact  Kef (Ke)exact
N=1 0.88 0 0
N=2 0.95 0.77 0.85
N=3 0.98 0.90 0.93
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component plasma in which: (a) the charged particle
elastic collisions may be treated as Coulomb interac-
tions, (b) the charged particle-neutral particle elastic
collisions may be treated as hard-sphere interactions,

3539

and (c) n.~n;. With the collision laws so specified, the
matrices, [8,™™]; a=e, 1, of Egs. (22) may be readily
evaluated. Indeed, if three terms are retained in each
of the Sonine expansions:

C 1.704+5.097, —0.85+7.64r, ~—0.214-9.557,
[o.mm =1 _1854+7.64r,  5.52423.8r, —2.44+27.4r, |, (32)
"l 0214955, —244427.4r, 11545477,
© o170 —042 —0.05
[5:mm )= 042  6.25410.2r; —1.87+7.647; |, (32b)
" 005 —187+7.64r;  13.84+28.6r

where effective ion—neutral and ion—ion collision fre-
quencies are defined by

3ntnooio (RT:)}
4mi

n;e‘ h’lA,;
128ntemd (kT )Y

S)
°
Il

. A.-
s Vi

oi is the ion-neutral hard-sphere cross section, InA;
is the Coulomb logarithm for ions, 7,= 9./, and
7= P../ Pio. Thus Egs. (22) yield a,™ and b,™, which
in turn can be used in Eqgs. (28)-(29) to calculate the
transport coefficients and R;.. The results of this calcu-
lation are presented below.

Electron Transport Coefficients: The second column of
Table III gives the values of the electron transport
coefficients in the limit 7,=0. They are denoted by the
superscript “0’’ and are within 109, of the exact values
given in Table I. (see also Table II).

The third column of Table III gives the values of the
electron transport coefficients in the limit 7,= «. They
are denoted by the superscript “ o« and are in excellent
agreement with results presented in Refs. 4 and 7.
Comparison of these transport coefficients with those
given in Table I for an electron-ion Lorentz plasma
reveals that the effect of electron—electron collisions in
a fully ionized plasma is to reduce each of the electron
transport coefficients to 0.25-0.50 of the value obtained
in the absence of electron—electron collisions.

TasiE II1. Electron transport coefficients.

Limit 7«1 Limit r,>>1 General expression

0.98¢ 0.58¢ P
Me l‘e°= F-amz Me= h,‘e(f,)
ma’;zn m:ﬁn' Meo'JFIlrew
kT (R T)=—045 (kT)*=0.71 kT =k"(1.)
1.88n.%%T . 0.93n.%2%*T, kelke”
Ke Keoz' K5w= Ke= ltxc(‘f e)
Mebeo MeVei ke t+Ke

7M. V. Samokhin, Soviet Phys.—Tech. Phys. 8, 498 (1963).

The fourth column of Table IIT gives expressions for
the electron transport coefficients for 0 7,< . The
functions A,.(7c), kT (7e), and k,.(r.) are

1.00414.17,430.672416.373
1.00421.17,437.472416.373

pe\Te

—0.4543.077,+6.837 2

keT(Te) = )
1.00+12.47,4-9.8372

1.004-25.57,+1767 244547 344717 2415875
1.004-31.57.42847 246627+ 5627 4+ 1587,

hxe (Te) =

The functions k,.(r.) and k. (7,) are plotted in Fig. 1
and the electron thermal diffusion ratio k,7(r.) is
plotted in Fig. 2. Note that %,.(7.) is close to unity for
all values of 7.(0< 7, < « ). This implies that, to a good
approximation, the contributions to the electron mo-
bility from electron—neutral collisions and from electron—
charged-particle collisions may be added in parallel.
Similar conclusions apply to the contributions to the
thermal conductivity of the electrons. These conclusions
are, of course, restricted to the collision laws under

1.0

0.8

0.6

04

h(Te)and glTe)

0.2

11t 1 R

0.0l 0l Ko} 10
A A
Te = Vi / Veo

1 Lt 1

F1c. 1. Plots of the &(r,) and g(r.) functions vs 7, when three
terms are retained in the Sonine polynomial expansions.
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Fic. 2. Plots of the electron and ion thermal diffusion ratios vs
7, and r;, respectively, when three terms are retained in the
Sonine polynomial expansions.

consideration and do not necessanly apply to other col-
lision laws.

ITon Transport Coefficients: The ion transport coef-
ficients are given in Table IV in a form analogous to
that of the electrons (Table III). The functions %,.(r.)
and &,7(r;) are

1.0044.207,+42.8672
il75) = :
g 1.004+4.24742.9172
0.184-0.357
k()=

1.00+4.207,4+2.8672

Note that the ion mobility is practically independent
of r; since the function k,n-(*r,-) is within 29, of unity in
the entire range 0L 7;€ . The ion thermal diffusion
ratio 2,7 (r.) is plotted in Fig. 2.

Ion Force Component R,.: The ion force component
R, is found to be

Rz‘e= - gi('fe) Wf?e+ 3”3E) +g2 (’re)”ekvae,

where

(33)

4.567.+25.272+16.372
141 (Te): )
1.004+19.17.4+37.4724+16.3732
6.887,411.772
ga(ra)=

1.00-+19.17.437.47 2416. 3’ng
The functions g1(r.) and gs(r.) are plotted in Fig. 1.

Tasie IV. Ton transport coefficients.

Lﬁnit <l Limit 7>>1  General expression
0.90¢e 0.89¢
B wt= we= s =i ()
 mibia Mibio
BT (WTP=—018  (D7=0 BT =kiT(r;)

D. R. WILKINS AND E. P..

GYFTOPOULOS

Note that in the limit r,= o0, gi(r.)=1, g2(7,)=0, and
R:.=— (V.p.+en.E). This relation may also be obtained
directly from Eqgs, (4b) if V,-7,, R,*", and R,, are
neglected.

SUMMARY AND CONCLUSIONS |

A novel set of plasma transport differential equations
suitable for the analysis of transport phenomena in
low-energy three-component, two-temperature plasmas
is derived. The equations are obtained through a two-
step procedure which involves: (a) solving a set of
linearized Boltzmann equations for the charged-
particle distribution functions in near-Maxwellian
plasmas and (b) using these distribution functions to
reduce the single-species, charged-particle hydrody-
namic equations to a set of differential equations involv-
ing the plasma densities, temperatures, and electric
field, and a set of transport coefficients which depend
upon the prevailing elastic collision laws,

The form of the derived transport equations is
independent of the prevailing collision laws; these laws
affect only the values of the transport coefficients. The
transport coefficients may be computed numerically,
if the collision laws are known, or inferred from experi-
mental measurements.

Transport coefficients for Lorentz plasmas can be
computed exactly. Values obtained herein for Lorentz
plasmas of interest are in agreement with accepted
values.

The transport coefficients for the particular three-
component plasma considered in Sec. 5 can be readily
interpreted physically. Indeed, the general expression
for the electron mobility u. is given to a good approxi-
mation by adding the mobilities u® and ue”™ in parallel.
The same approximation is true for the electron thermal
conductivity. The ion mobility, however, is practically
independent of the ion collision frequency since ion-ion
collisions do not alter the net ion momentum.

The error in the transport coefficients due to the
truncation of the Sonine expansions after three terms is
less than 109, This follows from the comparison of the
computed electron transport coefficients for the limit
7,&1 with corresponding exact values for these
coefficients.

The ion force component R,., arising from the colli-
sional transfer of directed electron momentum to the
ions, becomes important in the expression for the ion
current when 7.2 0(1). This term has been neglected
in previous studies.

Electron—electron collisions are as important as
electron-ion collisions in determining the electron
transport coefficients. This follows from the compari-
son of the computed electron transport coefficients for
721 with exact values for these coefficients in the
absence of electron—electron collisions.
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