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Physical and mathematical aspects of quantum theory and the wave funclion

By ELIAS P. GYFTOPOULOS#

Introduction

Ouantum meéchanics plays 4 prominent role
in moders physics. The development of the gaan-
tum theory has had a revolutionaty impact ofi
our concepts of the misroscopic structure and
behavior of matter as well as the fields of che-
mistry, engitesring, and biclogy.

The hasic tool of quantum mechanics is the
wave Tanction. The wave function may be vi-
sualized zs the carrvier bv means of which the
essence ¢f the experitnental evidesmce is conve-
yved to the buman sind or; for that matter, the
analvtical probe by which the human mind tries
to approach the truth of the microcosmos.

In view of the broad scope of quantum me-
chanids, it is essential to examine the first prin-
ciples on which the theory is based and to fully
understand the meaning of the wave function
both from the physical and mathematical
standpoints.

This communication is an attempt to sum-
marize the ecommonly accepteds interpretation
of quantum mechanics and the wave function, By
«Commonly accepted» one characterizes the in-
terpratation givea by the Coperhagen School.

First a historical account of the evoliition of

quantum mechanics is presented. Then the in-
terpretation of quantum mechanics proposed by
the Copenhagen School iz discussed and compa-
red to counter proposals that have been sugge-
sted by other physicists. A brief outline of some
criticisms of guantum theory are included.
* The paper is concluded with a restatement
of the assumptions on which the derivation of
the wave function is hased and the adequacy of
these assumptions 1s clarified by an illustrative
example.

Thronghout the presentation the reader is
presumed to have a general knowledge of quan-
tum mechanics.

The evolution of quantum mechanics

The nineteenth century may be considered as
the culmination of our understanding of thelar-
ge scale behavior of matter. During that centu-
1y, Newtonian mechanics was completed, the
electromagnetic theory was formulated and the
seiences of thermodynamics and statistical me-
chaniés developed., All the theories were based
on the notions of continwum and causality and
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many physieists believed that the formalism
was so powerfal that it had revealed all the
laws of nature. _

However, at the tarn of the century, tmany
experimental observations could not be explained
by classical physics and the need for new concepts
became imperative. The successiul justitication of
the Black bedy radiation spectrum by Planck (1)
in 1gon and the photoelectric effect by Hinstein
(2) 11 1205 through use of the notion of guan-
tized electromagretic radiation are two cases in
point. _

Hurthermore, the failure of classical physics
to account fo_'r_';],tomic;_phem)men_a was even more
accentdated by Rutherford’s discovery of the
atomic nucleus (3) in rorr and the work of Frank
and Hertz on excitation spectra (4) in 1914, All
these experimesnts involved a denunciation of
causaltity and continumn and indicated the neces-
sity for a probabilistic theory.

In roz7 Binstein showed in one of his famous
papers () that the postulates which were being
suggested in the field of atomic structure were
consistent with Planck’™ theory of thermal ra-
diation. He developed statistical laws regarding
the occurrence of radiative transitions and ke
indicated that causality could be completely
ignored.

It is interesting fo diverge for a moment and
refer to some of Einstein’s thoughts on the the-
ories that he himseli imspired-and developed.
He said: «The features of the elementary pro-
cesses would seem to make the development of
quantum treatment of radiation unaveidable.
The wedkness of the theory lies in the fact that,
on the one hand, no closer connection with wave
concepts is obtainable and that, on the other
hand, it leaves to chanee the time and direction
of the elemestary processes ; nevertheless, I have
full coniidence in the reliability of the way en-
tered upon» (B). These thoughts are 1mportant
because they represent Einstein’s reluctant atti-
tude about admitting the failure of classical phy-
sics in the realm of the microcosmos: an atti-
tdde that he never changed until he passed away.

However, in spite of Einstein’s reluctance,
in the following vyears the vet unformulated
guantum theory was gaining more and . more
momentum while the insufficiency of classical
physics increased at a faster rate. The Stern-
Gerlach experiment (6) in 1922 on the measu-
remizent of angular momenta aroused.the interest
of many physieiqts and greatly supported the
idea of stationary atomic states and the quantium
interpretation of the Zeeman effect developed
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by Sommerfeld (7) Also the Compton electron
stattering experiment () presentbd i 1gzy af-
forded a most direct prooi based om Einstein’s
views regarding the quantized transfer of energy
and momentumi. On the contrary, both experi-
ments created unsurmountable conceptual ditfi-
culties when viewed from the standpoint of clas-
sical electromagnetic theory or (}f corpriscular
collisions, respectively.

The Ell‘at attempt toclarifv the controversies
and to formulate a sonnd aud consistent theore-
tical frame of veference was made by Lounis de
Broglie (/) who recognized that the wave-par-
ticle duality should not be confined to radiations
but should alse be extended to material particles
as well. De Broglie's idea was proved experimen-
tally a few vears later by Davisson and Ger-
mer (10} but Einstein recoguized fnmediatelly
its connection with the work of Bohy, Kramers,
and Slater (11) on thermal radiations and on ga-
ses in the degenerate state.

The new line of thong"xt was successiully pur-
sued by Schrodinger (12) in 1026. He déveloped
a wave equation whose solutions could adsoua-
tely represent the stationary states of the ele-
ctronic stricture of atoms.

Thus, the creation of the nmzhermnml for-

malism ot the guantom theory was initiated even
though the physical significance of the forma-
lism was very cbscure. In fact, the horizon of
the new theor¥ was sounclear that Schridinger
himself was not aware of the ilmplications of
the wave equation. He did pot realize that he
was dealing with phenomena which were basi-
cally discontinmous in nature and entirely out-
side the realm of the cause-effect line of think-
ing of class sical ph‘; sics. Chizracteristic of Schrd-
dinger’s attitude is a conversation that he and
Bohr had in Copenhagen in 1g26. Sdid Schré-
dinger : <If we are tostick to this damned quan-
tem jnmping, 1 regret that 1 ever had anything
to do with it». To which Bohr replied: «But the
rest of us are thankful that you did, because vou
have contributed so much to the clarification of
the guantum theory» (13).
- Nevertheless, the wave equation introduced
a new viewpoint and a new element of simplici-
ty into the quantum theory which had to be incor-
porated into its inferpretation. The Copenhagen
School andertook the task of unification of all
the scattered stiggestions and the physical inter-
pretation of the formalism.

The principles of quantum mechanics

The months which followed the development
of the wave equation by Schrédinger were a pe-
riod of intensive work in Copenhagen. The out-
comes of this work is the orthodox formulation
and interpretation of quantum theory.

During this period, Heisenberg was trying
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to develop a formalism by means of which one
could go. from a given experimental observation
toits analytical equivalent. The basic¢ hypothesis
behind his efforts was that all atomic phenomena
midst be pictured in a Ifilbert space and vice
versa . that is, only those statés which can be
represented by vectors in a Hilbert space can oc-
cur in Nature or be realized .experimentally,
For the derivation of the mathematiéal scHeme

of quantum theory, Helsenberg {(14) used two
sources. The Hrst was the experimental eviden-
ce which bronght classical physics to astall, “The
second was Bohr's correspondence pfmuple

- That the theory should be comsistent with
the accumulated experimentzl evidence is self.
explanatory. The correspondencé principle on
the other hand postulates a detailed analogy be-
tween the gquantum theory and the classical the-
ory appropriate to the mental picttre emploved.
«This analogy does not merely serve as a guide
to the discovery of formial laws; its special va-
lre is that 1t fnrnishes the interpretation of the
laws that are found in terms of the mental pic-
tirre tisad» to guote Heisenberg himself (14). In
simpler terms, Boht’s correspondence principle
states that the motion of o system as described
by quantum mechanics and by elassical mecha-
nics must agree in the Hmit in which Plaock’s

constant, b, can be peglected. That is, i the
svstemm is large enoughk and the demund for

accurate measurement is not too rigid, classical
mechanics should furitish a good approximation
to the motion of the system. _

It Heisenberg's formalisin all the kinematic
and dynarnic variablesof classical mechanics are
replaced by symbols subjected to & non-commu-
tative algebra. The symbols are matrices with
elements referring to transitions between sta-
tionary states. Furthermore Hamilton’s canonical
eqtiatiohs ate kept wunaltered and Planck’s con-
stant eunters only ‘i the rules of commutation.
In partictlar, the non-coinmutant is:

' _h
T an
and holds for any set of conjugate variables,
q and p.

A peculiarity of IHeisenberg’s formalism is
that the knowledge obtainable about the state of
an atomic system always involves an <indetermi-
nacy». For example; an experiment; which leads
to the determination of the position of an electron,
destroys all information about the momentum of
this electron. This indeterminacy is the comnse-
quence of the non-commutative relationship bet-
ween conjugate variables as pointed out by Hei-
senberg (15). In fact, the non-commutant can
also be expressed in the form of the uncertainty
principle :

%
qp —pg =

AgAp i
The actual meaning of the unceértainty ptin-
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ciple was really clarified by Bohr (16) in 1928
when he introduced the complementarity prim-
ciple, Bohr indicated thatever though classical
physics cannot explain atomic’ phenotena, the
accountt of all experimental evidence must be
expressed in classical temms. More specifically,
it order to deseribe a particular experiment and
certain observations, one has to use nom-ambi-
guous language with the appropriate applica-
tion of the terminclogy of classical plysics. This
implies the impossibility of any sharp separa-
tion between the behavior of an atomic object and
its interaction with the mesasuring instruments
which serve to define the conditions under which
the phenomena appear. Consequently, evidence
obtained under different experimental conditions
cannot be comprehended within a single picture
but must be regarded as complementary. Com-
plementarity is used here in the sense that only
the totality of the phenoiness exhausts the pos-
sible infofmation about the objects.

It is exactly this aspect of e*{perlmenta‘cxon
which involves ambiguity in ascribing conven-
tional physical attributes to atemic objects. Such
ambiguity should by 70 means be interpreted as
an inherent property of Natwre but rather be
attributed to: the combined ohserver-object con-
tent of the physical theory which, in the case
at hand, i man-nature. In the. htrht of this in-
terpretatmn it can be qscertdmed that there is
no ambiguity or uncertainty if one talks about
a phenomenon and the conditions under which
it was observed rather than the totality of phy-
sical phenomena.’

In summary, the orthodox quantum theory
1s ‘based on the correspondence and complemen-
tarity prigeiples and is justified by experi-
mental .observations abouf atomi¢ phenomerna.
The farreaching ishplications of the theory are
further exemplitied by Jordan, Klein, and Wig-
ner {17) who showed that Schrddinger’s three
dimensional material waves can be quantized and
incorporated into the Hilbert space formalism of
Heisenberg, This proof is essential because it
emphasizes the equivalence of the wave and par-
ticle pictures of the microcosmos on mathema-
tically rigorous grounds. It is needless to répeat
that this does not mean either picture is the
«true» pictire, even though both are indispen-
sable.

O course the new quantum theory was not
decepted dnanimously. Several criticisms were
raised and 4 brief account of the most serious
objections follows.

Criticisms of guanfum theory
The critics of the Copenhagen School inter-

pretation of quantum theory may be d1v1ded
into three groups.
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The first and larger group agrecs with the
content of the quantum theory p‘ropmcd by the
Copenhagen School bot disagriees with the lan-
guage which is used. Alexandrow (15), Blochin-
zew (19), Bohm (20), Bopp (21), de Broglie (22},
Fenves (23), and Weizel ()4 } be‘ion(r to this
Fronp.

The second group attempts to alter the quan-
tum theory. The suggested counter proposals
agree only ot certain points with the resslts of
the Copenhagen School. The best effort of the
gronp is represented by Janossy (25),

The third gronp expresses its general dissh-

tisfaction with quantwm theory without propos-
‘ing any other theory which embraces the expe-

rimental evidence that classical physics fails to
explain. Einstzin (26), vou Lave (27), Schridin-

ger (28}, and Renninger (29)belong to this group.

The scientists of ail three groups have acom-
mon desire. They would like to return to the reali=

‘ty concept of classical physics. They favor an

objective conceptwn of a real world rather than
a formalism which is simply cc)ncslgtent with the
experimental evidence.

Tt is beyond the scope of this communication
to discuss all the counter proposals and criticisms
of quantum theory. Howewver it is of interestto
review some of the 1dea§ th'lt nave appeared in

‘the literature.

Bohm (20) tries to relate particle orhits with
waves in a configuration space, He postulates
that particles represent am objective reality of
matter and the wavesof configuration space can
be interpreted as objective fields; like the clec-
tric field, the magnetic field, etc.

- It is true that many e\;perzments sugue‘;t
the particle character of the constituents of mat-
ter and thereiore it is reasonable to assume that
particles represent anobjective reslity. However
Bohm’s assumption about the wave fields is as
realistic as any other postulate of quantwm the-
ory, This is partlculmly true in view of the
fact that there is’ no tangible proof about the
objective existence of the configuration space.

'Another conceptual difficuity wﬁh Bohim’s
postilates is that an electron, which 1s it a sta-
tionary state without angular momentum, is al-
ways at rest. This is contrary to (,\mﬂmtﬂtﬂ
ohservations. Bohm overcomes the difficulty by
further mudlfynw liis theory through the addi-
tion of other postulates. In an effort tosave phy-
sical reality He introduces an <ideological ':.Fpt.r-
natures and he tuses a terminology” which
more complicated and abstract than the tenm—
nology used by guantuimn theory.

Janossy {2b) attacks the orthodox quantnm
theory entirely on the grounds of physw g
thesis may be simmarized as follows: Tt is well
known that, in the Copenhagen theory, a redu-
ction in the wave packet occurs whenever a tran-
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sition is completed from the possible to the
actnal. ‘This reduction is justified by the assum-
ption that the interference terms are removed
by the partly undefined interactionsof the mea-
suring apparatus with the svstem wunder mea-
sutement and the rest of the world. Janossy
points out that such a reduction cannot be dedu-
ced from Bchrodmger s eguation.

Janossy proposes’ to alter quantom. mechi-
nics by the introduction of damping factors so
that the interference terms disappear by them-
selves after a finite time. However even this
proposition is not free of criticisms, One of its
alarming consequendes is that waves which pro-
pagate faster than the speed of light inter-
change the time sequence of cause and effect.
Actually there is no physical experimental reason
why such a consequence should be adopted.

Schrodinger (28) denies the existence of fuan-
tuim jumps aitogether.  Obviously this is not
justifiable since there is a long series of expe-
rimental observations which suggest the quan-
tized structure of  the. microcosmos. Further-
more, what is disappointing with Schrddinger is
that he does not make any counter proposal.

Scientists who belong to Lmstem 5 g,roﬁp Hr-
gue that «God was not playing dice» when he
created the world and therefore they cannot ze-
cept the formulation and interpretation put for-
ward hv the Copenhagen School. They claim the
‘world is an objective reality and no theory can
be accepted which denies this fact. However
they do not have a counter proposal either.

Now, there can be no doubt that the world
is an objective reality which exists regardless of
whether physwuts attempt to understand the
laws of the tmiverse or not. But is it not also
true that physical sciences are not Natnre it-
self? Is it not true that physics is an aspect of
the. relationship between Nature and Man and
thetefore every natural scierice is dq1endent on
Man as well . as on Nature?

The Complemultdr;n principle ecapitalizes
ew;acﬂ} on these facts. Since Man has to learn
the physical laws by experitment and visnalize
_them 1 terms of man made symbols, Mans ex-
pﬁrunental procedures are bound to disturb the
umiversal order. This is particularly true when
one attempts to approach the problemns of the
microcosmos, Therefore one has either to accept
the apparent loss of objectivity in favor of afor-
malism which is suificiently consistent with the
experimental evidence and itself, or adopt the
Greel philosophers® contemptuous standpoint
and consider experiment as unworthy of any
scientific endeavor. Under the cxrunnstances,
there is no choice if another Aristotelian scien-
tific medieval age is to be avoided,

Generally all those who object to the «com—
mouly accepted» interpretation of quantum. the-
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ory have found themselves compelled to sacri-
fice essential symmetry properties of the theory
in an effort to serve the idea of objective reali-
ty. It is guestionable Whether reality is served
when it is forced to soumd like superreality.
Hence, until further experimental evidence be-
comes available, the orthodox interpretation of
quantiim themy iz unavoidable.

Tbe. wave function

The - pueednw discussion favors- decisively
the formialistic’ conception of quantum themy

This conception is based on the following :

I. Experimental evidence; discrete character
of atomic phenomena and their descriptive pa-
rameters (depending on the way they are looked
at), _ ‘
2. Schirédinger®s equation or matrix form-
lation of quantum theory.

3. Correspondence principle.

" 4. Complementasity principle.

The complementarity principle implies that
physical phenomena are either deseribed in spa-
ce and time or conceived in terms of exact ma-
thematical laws with causal relationships. If des-
eribed in space and time, one has to accept an
ancertainty in the determination of any two con-
Jjugate variables. If conceived in ‘tetms  of ma-
thematical laws with causal 1elat1onshlps “the
plhiysical description in space and time is impos-
sible. Both implications are eqmvalent

Regardless. of which attitude is adopted; the
basic carrier. which conveys the experimnental in-
formation to the human mind is the wave fun-
ction:

In the fxrst case the wave function or a-set
of wave fanctions form the umtary components
of a complete set of vectors in a Hilbert spa-
ce in which the representation of the physical
phenomena takes place. These wave. frictions
can be determined froin a’ unitary transforma-
tion, There is no physicd]l reason why the Hil-
bert’ space should bé considered as real, Conse-
quently the wave function has no phycical mean-
ing immediately . connected with reality in the
sense that such a meaning cannot be experimen-
tally determined. :

In the second case, the wave funiction is con-
sidered as a wave associated with matter and’can
be determined from the solution of Schrédinger’s
equatmn. The meaning of the wave function is
again-one of mental visualization rather than of
an ohjective reality.

The lack of physical meaning attributable to
the wave function raises the important question
of how the wave function is determined.

Some authors invoke the notion of «common
sense» in order to justify certain assumptionsor
postulates used in the determination of the wa-
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ve function. Actually ¢common sense» is a ve-
ry unireliable guide to follow in attempting to
broaden the understandisiy of the physical world
and particularly of the microcosmos.

" In spite of the lack of physical criteria the
wave function is 'liﬂquu.ﬂ' “and uﬂ‘ai’ﬁuig‘l‘iuus}}'
deterinined by a series of mathematical require-
ments which are itnposéd by the very fole that
the wave function pla¥ys in the domain of quan-
tum theory.

“First, according to quantum theory all measu-
table physieal quantities are bilinear averages
of thé symbol associated with the quantity in
question. The weighting factors are the wave
function and its conjugate. This averaging pro-
cedure implies, in general, that the wave fun-
ction must be square Integrabie if meaningful
results are to be found. In fact, square integra-
bility has also been mterpreted by Bofninterms
of a physical picture, More specifically, Born
sitggests that the information carried by the wa-
ve function is incompléete and perrmts only sta-
tistical predictions concermng aggregates of
future events. The statistics are represented by
the square of the wave function interpreted as
a probability density. If such an ihterpretation
is to be accepted, the wave function must be

square integrable in order to ascértain the oc-

currence of one of the possible events.

Second, the tepresentation of atomic structiure
by means of waves reqmires that certain boun-
dary conditions he fulfilled as far as potential le-
vels are concerned. If the boundary conditions
are not to be restricted to specﬁrc points in phase
space, the wave function and its first deriva-
tive must be continuous.

Third, Schrédinger” sequation islinear There-
fore the principle of superposition is applica-
ble to wave functions.

_ These are the three requirements which
unambigiiously determine the wave function. It
15 evident that the introduction of the require-
ments needs 1o new postulates or’ assumptions
but is an immediate consequence of the fotma-
lism of quantum theory.

© The fact that square integrability, continnity
of value and first derivative and superposition
are the necessary and sufficient conditions which
determine the wave function is 111ustrated by
the following example.

The central field problem

The central field problem is investigated and
solved in the light of the principles of quantum
theory. The development of the solution proves
the consistency of the theory andthe sufficiency
of the restrictions imposed on the wave fun-
ction,
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‘More specifically, in a central field problem
the Hamiltonian of thesystem is:

- fa .
H=— 55 V+V@ (1)
where
H==Hamiltonian operator
M=mass

v*=Laplacian operator

V(r)ngtential energy of the central-field.

For stationary states Schrddinger’s equation is:

Hy = Ey (2)

The problem is to determine the axes:of the

Hilbert space in which the Hamiltomdan is dia-

gonal or, in other words to find the eigenvalues

of H.

Consider the spherical coordinates -gystem

)

(<0

Fig. 1. Spherical coordinates system

shown in Fzg 1. The Laplaman operator canbe
wrltten as .

1 8 ,@ ,1[1 @ a=] 3
V= e b o e e ae+smaea¢s S
and thus Schrédinger™s equation rediices to !

B O O
2 TV T gy VOO = B
where B

B8 0

Pr = 2 ar | or
18 6. . 1. ¢ 7.
Lr=- [smB 75 510 55 + ~mw c}qﬂ']

The variables of equation (4) are séeparable,
therefore assume :

¥ = R(r)¥(8,9) )
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and thus find:

: |
I Pr : ’ ﬁﬂ 1
?[zm + V(”}R o Y [L“Y}Z E®

Since the variables r, 8, ¢ are completely in-
aepenaent assume

W?.Ls‘y = A A=comst (7

S i : i — B
‘f[m + V‘r)] R+gmmr=F &
Next solve equation (7). To this effect, in-
troduce the functions: .
Y = P(0)D(9) &)
and reduce equation (7) to: -
1 1 d . dp 1 1 dwe)
TP sine @6 Y0 o~ e [F “a“@]— A (10)
Notice that for 8=constant the -second term
of equation {10) is constant. Thus assume :

"ql)"' —%;%)u = —m? m? = const (11)
The solutions of equation (11) are:
() = eFime (12)

Determine the allowable values of m. Note
that the values of the prébability density can-
not depend ofr the or1entat1011 of the zero @-axis.
Hence :

[@(e)]* = [ (¢ + 211'“)]2 (13)

Equation {13) implies that m is real. Then
consider the linear combination of two wave fun-
ctions corresponding to m=m, and m = m, re-
spectively. The use of Eq. (13) suggests that
m, = m, = integer. Consequently, m is an inte-
ger or half integer. It remains to determine
whethes m can actually be both. This requires
some principles of transformation theory which
havé béen pmposely omritted in this presenta-
tion. In essence, it can be shown that all phy-
sical observables are Hermitean in character and
furthermoie that the Hermitean character of
the angular momentum excludes the possibility
of m=half-integer (30).

Now, consider Eq. (10) with m—_mteger In-
troduce the change of variable:

n = integer

B = cosf [l £ 1

and thus find:
R _dP .
1—up )dpg — 2;1;:@—}- {n —

Eq. (1) has singular points at [u]==1. This
snggests the transformation of variable

v=1—p

(14)

m?
:l—_'“-l:’-)_ P: =0 (15)

(16)
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which yields :
R L
A(20 — v3) — m?

o +"£:5 ) ]P:O (0
The singularity of Bqg. (17} is at v=:0 and the

solutions can be found by the method of Erobe-
nius. In particular, assume

Co
JE ay £ 0

Replace Bqg. (18) into (17) and find that the
indicial equation is:

(18)

Since the wave functions must be square in-
tegrable, the only acceptable solutlon of the in-

dicial equation. is;

or s =4 im! a9

_ [ml
= (20)

"Thus, conclude that the solutmns of Eq.{10)
are of the form:

P=(— uﬂ)TQ(u)
Q) = Zb,,u
Rep]ace Eqgs. (21) inte (10) and flnd

(1)

-(1—9’)n§2 byt —1)p% = F — 2jm| npz bmu™

+ [ — I (jm[ +- 1)] X byt 22)
Eq. (22) is an identity with respect to b, the-
refore: .

o D@t fm DA
ntg T @+ @9 0
Assign arbitrary values to b, and b, and ad-
mit, that the solution  of Eq. (10) 1s an infinite
series [Eq. (21)] with two arbitrary constants.
Furthermore, admit that the arbitrary series is
convergent for iu/ < 1 and divergent for Jp| =1.
The divergence is undesirable if the wave
function is to be square integrable. The require-
ment of square integrability can be fulfilled either -
if by =10 or b,=V and the series is truncated
at py™ where n, is such that:

(23)

(n, +lm)) (0, + Jm|+ 1) —2=0 n;=—integer (24)
Call:
1y -+ jm| =1 (25)
and thus find :
A=1(141) ©6)

Next admit thatif A is of the form given by

Eq. (26) the solutions of Eq. (10) are the as-

sociated Legendre polynomials P} ().
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In summary, the angular dependence of the
solution of the central field problem isgivenby
the spherical harmonics:

Y2(6,4) = &'™® P(6) (27)

The next task is to find the radial depen-
dence of the- solutmn Assume a coulomb potefi-
tial.

Vi) = - (@)
and introduce in Eq. (8) the change of va-
riable :

R(9) = — ulr) (29)

Thus find that Eq. (8} ‘reduces to:
“ R EE T vt g B 0

Introduce the nondlmensmnal constants and
variables .

fiz - q? r

. . B '
r"_"""ﬁﬁ?E_"_ﬁ?;’U_"f'Eg_ £ >0 (D
and reduce Eq. (30) to:

dzn 2 I(14+1) _
do? + o o2 u—eu=0 32

The asymptotic solution of Eq (32) is of the
form et However, the plus sign solution is
excluded on the basis of square integrability.
Therefore, admit that
= (33)
whete 1, varies mote slowly than e *“as G-»w,
Replace (33) in Eq. (32) and find;
dzu, *du, 2 1{(141) )
ot~ do +[“6uf o2 ]u1 =0 &
Consider the case 1==0 and try a solution of the
form:

u = e

ey # 0 (35)

Following a procedure similar to the one used
for Egs. (10) and"(21) admit that:
a. The indicial equation is:

k (k—1)=0 k=0 or k=1

m -
g = o*¥ ¢l
1 P H

The value k=0 is not acceptable because, if

Eq. (21) and y=R(r) Y (¢, 8) are expressed in
terms of cartesian coordinates, it can be easily
shown ‘that for k=0 the function v\ does not
satisfy Eq. () Therefore the only approprmte
solution is k==1. Actually, the value k=0 is in-
troduced in the indicial équation through the
singular transformation from cartesian to sphe-
rical coordinates.

b. The recurrence formula 15

+1ye—1

P ED D (37)

s

(36)
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In particular, for large valnes of j

j¥1 2e

—

¢ 1

Therefore, conclude that if the infinite se-

ries (35) is wot truncated, u, will behave like

e for large valuesof o. Thisis again inadmis-

sible on the grounds of square integrability. The

infinite series should be terminated by choosing :
. 1

T4

Under those conditions Eq. (34), for 1=0,

redices to:

d?i; 2

(38)

(39)

duj 2

dor T JET do om0 (40)
and admits the general solution (31):
. 2
u = djo Fl—ij, 2, H—gl) | (41)

where
d; = counstant
F = confluent hypergeometric function
In summary, the radial solution for 1=0 is:
o
- PTT 2o
- N 1 _ 3 e ¢
Ri(e) =dje B(l—j, 2 +5) (42)
For 1 #£ 0 the proceduré is effectively the
same. Start with Eq. (82), Replace u by u,¢™°
and u; by series (33). Thus find the 1nd1c1a1
equation :

kik —1) = 11} 1) k—=1+1 or k=—1 (43
The value k = —1 is excluded becaise the

solution is not square integrable. The only ap-
propriate solution is k ==1--1,
The recurrence formula is:
B g1+ —1 _
0 = D 1wy G &0

and must be truncated if the solution is to be
square integrable. This is achieved if:

1 .
§ = Togr (45)
and therefore the solution is:
g = o0t F(Lp 1, 2142, =) (46)

-|-1

In conclusion, the wave functions of the cen-

tral field problem with a coulomb potential are
r .

=CY¥%rle ™o F(2Lb9—n, 2432,

q)n.l,m

2r
Hr'p
where C = normalizing constant.

The central field problem can be found in
many textbooks on quantum mechanics (32). In
most of the cases the solution is established on
the basis of unjustified postulates other than
square integrability, continuity, and superpesi-
tion. This is not necessary.
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Conclusions

In the preceding discussion the principlesof
quantum theory have been reviewed and the cir-
cumstances which made its formulation impera-
tive outlined. It is evident that the présenta-
tion favors the formalistic interpretation of the
theory given by Bohr and Heiseénberg.

Such a positivistic attitude towards Nature
and natural phenomena should not be mistaken
as a disregard for mechanistic pictures and rea-
listic explanations. On the contrary, the ortho-
dox quantum theory is adopted because it isbe-
lieved that the implications of the formalism
are far more reaching than the formulae may
suggest.

There is noa priori reason why matter should
be assumed as made of particles. Such an as-
sumption is a- dangerous extrapolation of eve-
ryday experience, entirely unjustified and lea-
ding to many contradictions. The same com-
ments apply to matter waves.

. The fact that someexperiments indicate both
c’:orpuscular and wave properties of matter pro-
ves that the latter is neither the one nor the
other. The duality proposed by some anthors is
unrealistic becanse it is hard to conceive of a
physical entity which behaves tantdt like a
particlé and tantdt like a wave. On the other
hand, the adoption of tlie comple mentanty prifn-
ciple frees the theory of such discrepanciés. The
dualism-is the result of the interference of man
and his measuring devices with the microcosmos
and not a property of matter.

Of course one might ask at this point: «If
matter is not made of particles or waves, what
is it made of ?» It seems that our ignorance on
the nature of the exact answer can be expres-
sed by assuming that matter is made of e¢ne-
phots», A enephons is the entity defined by the
properties implied by quantum theory. Certain-
ly nothing known in everyday life corresponds
to such a nephon. However, this is not a reaso-
nable argument against the acceptance of its
existence wuntil further experimental evidence
compels us to deny it,

In fact, such an assumption is neither uni-
gure nor original. All branches of science have
to start from anultimate postulate and construet
their edifice from there on. The need to stop so-
mewhere has been realized ever since Aristotle
first stated it explicitly («é ava'ym] otfjvars ).

There is another advantage of quantum the-
ory. The Copenhagen- School declares that the
theoty approaches reality by means of a forma-
lism created by Man. Thus the opportunity is
left wide openn for further modifications which
may be necessary to account for new experimen-
tal results. Such modifications would be very
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hard to imcorporate in the redlm of a theory
which is based on tangible pictures.

Undoubtedly one might object that- quantum
theory is nowhere near the absolute truth of
tlie microcosmos since it is based on an abstract
formatism. However, is there any physical scien-
ce: which 15 based on a «real» formalism? Pos-
sibly other physical theories are based on for-
malisms which are more ¢familiar> but not léss
«abstract». Purthermore, if quantum theory is
nowhere near the absolute, truth then this ma-
kes it even more interesting. In fact it may be
appropriate to conclude this discussion by quo-
ting Poincaré (33). «If God would come in front
of me and say: ““Well, man, here is the chance of
yvour life. In my left hand I have the absolute
truth and in my right hand the lust for the se-
arch fof the truth which can.never, be reached.
You have vour choice. Take the one that you
prefer”. I would grab kis right haud, take its con-
tent and make it the goal of my life». Appa-
rently the Copenhagen S_ch_ool’ has read Poinca-
ré€°s thought$ and has adopted them.

IDEPIAHYIZE

Doy nat Mofnuotedy Eounveia
e Kvuartopnyoreeis
Yoo
Hata . Tyetonoyaoy

‘H wwporopnyovikhy maife wpoTedovta pdhov
els v oUyxpovov quoikiiy. “H &uérrTulis Tns Eoyey
travaoToTikdy &vrikTurow; Téoov #mi TV duTiAf-
weow pas tepl TS Sopfjs kol cupmepigopds TS
UAns, &oov kal els tous xAdBous Tfis ynpeias, Pro-
hoyias kot -rexvohoyiocs & ytve.

Baowkdy & Spyawov Tfis kupaTikiig Beoop:as glvou
n Kuuoc"rmn ouvrxpmmg Au'rn Blvorron v Gsoopnﬁn
G35 & popels Bt TolU dmolov T& TEpapaTiRG Sedo-
pévar peTapépovTai gis Ty SvBpotriviy  okéy, §
s Td dwohuTikdy Bokigiov B Tol émolov 1y &w-
Gpco-mun oKEWIS Trpocr'rrcxﬂa v& mAnodon Ty a?\ﬁ
Belcy TOU umpoxocuou

Aoﬁslcms THs elpeiog oxomumn-rog 15 Kupo:
Tounyavikils, elven dmapaitntov vk dplowusy dmo-
kp1Péds Tos Gpyas éwl Ty dmoicy altn PacileTen
Kol vé komovofiowpey TANpos THY fwolay THg K-
uocTtKﬁs Guvo;p"fﬁoewg, TOoOY &Td Quoikiis, Soov
kod &1md ua&qpommg crrrovemg‘

‘H Trctpoucm Epyaole Emyeipel v EKTF7\T]pC\)0'T’|
TOV OKOTOY aUTdy S1t mds ouviépou avacrkon'n—
ofdg TV Epumyaitdy g Kuucx-rounxavtxqg kol TS
KUp.CCTle]S cuvcxp—rﬁcsscos, &5 olTa, EmnpoTGlnoay
Umd T Zxo?mg 'T‘!]S Komeyydyns. Ko’ 07\1']11 Tnv
cxvérrrrugw o cmo:yuooc'rqg tecopeiTon  dog £xoov plav
yevikiyy yvEdow Tiis Sewpics.

‘H épyacia elvon Sinpnpévn els mévte kepddaia.
Eis w0 mpdrov kepdhonov  Trapouociafovton  cuvto-
pws of Trelpaporiked SomioTooes oi omolot -
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ynoow g Thy &vdykny dvartifeews T KUpaTo-
pnyowikdl; kal GNP EykaTdhenpw. TGV dpX&dv TS
Khaoowkdis  puonis, ﬂpoxeluévou e ATOMIKGY
ayopévooy. Euyxexpluevcog, ol TEpopdTikai kad
Becoprmrat Epyacicn T8y Planck (1), Einstein
(2 5), Rutherford (3), Franck - Hertz (4), Stern -

serlach™(6), Sommerfeld (7), Compton . (8), de
Broglie (9), Davisson - Germer (10}, Bohr et al
(11) rai Schrddinger (12) feadpolvio s Bk TV
Kupiws ouiPoRolodsy € Thy kabfpwoly oTaTioTi-
k& vopwy Bl TV Treptypogfiy Tol  PiKpokdopov
kol Thy dueioBritnow Tfis loydos tfis &pyfis ToU
adriov kot aimiatol kai Tfis éwolas tfis ouveyeios
{continuum) &ls Thy Tepioyhy Tis &rouxiis Qu-
oikfis-

Eis & Bedrrepov Kep&Aanov ﬂEplypa(pOVTO:l T&
Pooixd a&;mua'rcx s kupaTounyovikfis s Gve-
mroxinooay Gmo Tol Heisenberg (14, 15) xai fip-
unveuﬁno*cxv Umo v Bohr (16), Jordan, Klein
k&l Wigner (17). Al &pyol adtan cuvoxpi?;ou-rm
cos EEfs :

o. ‘H fewopia elvan cupPiBactty petd Ty Tel-
pcxuot-nxmv Beboptvwov.

p. *H Kuucx‘rounxcwmn TEPIY POl Evds cuc-rn—
HaTos TEIWEL TPOS THV KAGCOIKNY TEPLYpaPTY Ka-
Bds TS péyebos ToU cuoThparos avfdwer (&pxh
Tiis dvrioTogios). MéTpov Tfis cuykpioesns elvon f
otafepd ToU Planck h.

y. Al Suvapikal wed kvmparikal  petapPinTal
s KAaoowfis unyavikis dvTikabiotavrar Umro oup-
PéAwv Umroxapbveoy gls pny dvmipeTabeTihy &AyePpov.
Zuyxkekpipdvess, ol kavovikai é§iocoes To Hamil-
ton ypagpovral s :

i 4 __ h
gp—pg==— ¢ TS

kai ioylouv Bk kdbe Lelyos oculuydw peroPin-
oY g Kal p.

‘H mapadoyh ToU &vwtipw cupPohopol 6bm-
et gis THv &pynv Tiis dPePandTnTos

AgAp > 1

1His &molas fi Bvwora Bixcagnyiletar Gmd THs &pyfis
TV oupTANpoUaTIKGDY  peyedddv (complementa -
rity principle).

. “H &pxt) 16 cupmAnpouaTikédy peyediv &ro-
oagnvide 6T § &PePondTns il TEY dropixddv peTpf}-
oewv Biv dgeidetan els yopoxTnploTikiy T (516-
e THs pUoews AR els TO yeyowds &L ) mepl-
ypagh 16V c’x’roumc.’bv QOVOPEVV yivs‘rcu B TS
Xpnowonooews T dpodoyias tfis whaoouxfis
PUOIKTS.

Els 1& Tpitov xepdhoov meplyphoovTon  pEpL-
kol &V GvTippnigecy ai dmolon KoTdr kaupous &rrpo-
Tébnoov katd TS KupoaTopnyowvikiis kol Umode-
kutiovtan of Adyot 81k Tous omolous alran Sewpoiliv-
Tar s dvebapikal, Metafu v EmioTnudver, TV
omoteov of dvrippricers oculnTolvron, TepthapPd-
vovran of Bohm (20), Janossy (25), Schrédinger
(28) xai Einstein.
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Eis 10 TétapTov kepdhatov TovifeTan 7} EXAengis
puokils oTjucoias THs KUNOTIKTS cuvapTiosws Kol
B3idovTan of pobnuonxkad ouwbfikan al &mroic kafo-
pilouv Ty Teheutaiay povoonudvTws. Al polnpo-
Tikai ouvbijket efvon:

a. O?\ox?xnpmmuo-rng Tiis Ts'rpaymmcuevns KU-
paTikfs cruuonp-rncrsms

. Zuvéxeuz Tiuns kol TrplThS Trc(pctyooyou Tiis
KuuocTIKns cruuotp'rncecos.

y- loyus s cxpxng Tiis U'n‘Epﬂecreoos

‘H Emdpreie TV &voTipo  doydv, Sid oV
TAnpn kafopopdy  Tiis xupomikiis ouvapTHCEWS,
dmodaikvleTon sl TO TEPTITOV Kepdhouov, el TO
dmolov EkTifeTeon fj &vdhuois TolU wpoPifuaros Tol
KevTpikol mediou.

‘H Epyooix kAsieTan 51k udls yevikfis, Gvooke-
THoEWS THS AVTIKSIPEVIKOTHTOS TS KupoTikiis Oeco-.
plas. Toviferon &1 B&v Utrdpyer a priori Adyos
B Tdv Smoiov 1y UAn mpémar v BscopyBi] s dro-
TEAQUPEVT UTO coparriBloov ) wupdvoetov. Tporel-
veTon Omaxs 1) dSuvapia meplypaefis Tfis UAng Umd
povabikiis «yvooTiisy elkdvos Tapakaupli] Sia Tfis
gioaywyfis Tol dpou «vepdviovs, TolU vegoviou dpi-
Coptvou UTé Téw iBioTHTDY TEV TTEPIYPOGONEVLY
T1rd TS KUPCTOMn Y avikiis.
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