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Entropies of Statistical Mechanics
and Disorder Versus the Entropy
of Thermodynamics and Order
The prevailing beliefs in the scientific and engineering literature are that: (i) thermo
namics is explained and justified by statistical mechanics; (ii) entropy is a statis
measure of disorder; and (iii) for given values of energy, volume, and amounts of
stituents, the largest value of entropy corresponds to both a thermodynamic equilib
state and the ultimate disorder. In this paper, we provide: (i) a summary of the belie
stated by some eminent scientists; (ii) experimental evidence that casts serious
about the validity of the beliefs; (iii) an outline of a nonstatistical unified quantum the
of mechanics and thermodynamics; (iv) an outline of a nonquantal, nonstatistical e
sition of thermodynamics, valid for all systems (both macroscopic and microscopic)
for all states (both thermodynamic equilibrium and not thermodynamic equilibrium);
the definition and analytical expression of the entropy of thermodynamics; (vi) the i
pretation of entropy as both a measure of the quantum-theoretic spatial shape
molecule, and an indicator of order; and (vii) nonstatistical answers to the questions
motivated the introduction of statistical mechanics.@DOI: 10.1115/1.1368122#
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1 Introduction
Ever since the unrefined enunciation of the first and sec

laws of classical thermodynamics by Clausius@1#, the question of
the relation between thermodynamics and mechanics has bee
subject of intense investigations and controversy. Invaria
Maxwell’s @2# seminal ideas prevail, that is ‘‘ . . . the molecules
in a vessel full of air at uniform temperature are moving w
velocities by no means uniform. . . ’’, and ‘‘In dealing with
masses of matter, while we do not perceive the individual m
ecules, we are compelled to adopt what I have described as
statistical method of calculation,. . . ’’. Though deeply rooted in
classical mechanics, these ideas play a major role in conventi
quantal explanations as well.

One of the consequences of Maxwell’s seminal ideas is that
overwhelming majority of scientists and engineers share and
mulgate the almost religious belief that entropy is not a fundam
tal scientific concept. Instead, they view it as a measure of ig
rance or lack of information about a macroscopic system an
monotonic indicator of disorder.

Statistical theories of thermodynamics yield many correct a
practical numerical results about thermodynamic equilibri
states@3,4#. Despite these successes, the almost universal ef
to compel thermodynamics to conform to statistical explanati
is not justified in the light of many accurate, reproducible, no
statistical experiences, and is out of step with the responses o
scientific community to the considerations that resulted in mo
fications of classical mechanics. Examples of such modificati
are the theory of relativity, and the theory of quantum mechan

Over the past three decades, intrigued and challenged by
prevalent misunderstandings about thermodynamics, a group
has proposed a resolution of the dilemmas and paradoxes cr
by statistical explanations. The resolution differs from all statis
cal interpretations of thermodynamics, in general, and from M
well’s @2# explanation, in particular. The purposes of this pap
are:~i! to review the statistical ideas and disorder; (i i ) to present
experimental evidence that contradicts the statistical entrop
( i i i ) to summarize a unified quantum theory of mechanics

Contributed by the Advanced Energy Systems Division for publication in
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Division, August 1, 2000; revised manuscript received December 13, 2000. As
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thermodynamics which leads to the demonstrable conclusion
thermodynamics is a general, nonstatistical theory of phys
phenomena; this theory admits mechanics~either classical or con-
ventional quantum! as one limiting case~zero entropy physics!,
and classical thermodynamics as another limiting case~largest
entropy physics!; moreover, it is shown that entropy is a wel
defined and mathematically precise monotonic indicator of ord
the indicator is a measure of the quantum-theoretic shape of
constituents of a system, in the same sense that, in classical
chanics,mv2/2, and not some other expression, is a measure
the kinetic energy of a particle; (iv) to sketch a nonquantal, nove
exposition of thermodynamics that is almost equivalent to a
results in the same conclusions as the unified theory; and (v) in
the light of the unified theory and the new exposition, to evalu
the beliefs of and respond to the questions raised by many e
nent scientists and engineers.

It is noteworthy that, in the unified theory, irreversibility—
spontaneous entropy increase—is associated with the spontan
change of the shapes of the molecules as they try to conform
both the externally applied and the intermolecular forces of
system. An example of external forces are those exerted by
walls of a container.

The paper is organized as follows. Summaries of the belief
a number of eminent scientists about both the necessity fo
statistical explanation of thermodynamics, and the relation
tween entropy and disorder are presented in Section 2, and ex
ments that cast doubt about the validity of the statistical interp
tation in Sections 3 to 5. A brief discussion of the nov
interwoven and fully documented new nonstatistical devel
ments is outlined in Section 6. In the light of the new develo
ments, comments about the relation between statistical mecha
and thermodynamics are discussed in Section 7, and conclu
remarks in Section 8.

2 Entropies of Statistical Mechanics and Disorder
Newton’s enunciation of the three laws of classical mechan

in 1666 is one of the greatest achievements of the human m
@5#. Their advent met with unprecedented success in a broad s
trum of applications from stars and planets, such as the s
system, to molecules and radiation. This success was so imp
sive and overwhelming that scientists were convinced that ev
natural phenomenon could and should be regularized by use
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of the laws and theorems of classical mechanics. So, two cent
after Newton’s time, when the laws of classical thermodynam
were enunciated by Clausius@1#, it was only natural that scientist
felt compelled to explain these laws and their theorems by us
classical mechanics.

2.1 Maxwell’s Demon and the Statistical Method. Max-
well @2# is one of the great scientists who believed that all phys
phenomena are mechanical, but numerical difficulties with m
roscopic systems force us to abandon the mechanical explan
and resort to the statistical method. He said: ‘‘One of the b
established facts in thermodynamics is that it is impossible i
system enclosed in an envelope which permits neither chang
volume nor passage of heat, and in which both the tempera
and the pressure are everywhere the same, to produce any ine
ity of temperature or of pressure without the expenditure of wo
. . . But if we conceive a being whose faculties are so sharpe
that he can follow every molecule in its course, such a be
whose attributes are still as essentially finite as our own, would
able to do what is at present impossible to us. For we have s
that the molecules in a vessel full of air at uniform temperature
moving with velocities by no means uniform, though the me
velocity of any great number of them, arbitrarily selected, is
most exactly uniform. Now let us suppose that such a vesse
divided into two portionsA andB, by a division in which there is
a small hole, and that a being, who can see the individual m
ecules, opens and closes this hole, so as to allow only the sw
molecules to pass fromA to B, and only the slower ones to pas
from B to A. He will thus, without expenditure of work, raise th
temperature ofB and lower that ofA, in contradiction to the
second law of thermodynamics.’’ And then, he continued: ‘
dealing with masses of matter, while we do not perceive the in
vidual molecules, we are compelled to adopt what I have
scribed as the statistical method of calculation and to abandon
strict dynamical method, in which we follow every motion by th
calculus.’’

It is noteworthy that the statistical method of calculation im
plies irreversibility, whereas the strict dynamical model does n
The reason is that the concept of entropy plays a decisive
important role in classical thermodynamics, whereas it neither
ists nor is necessary in classical mechanics.

Maxwell’s sharp-witted being was subsequently nicknam
‘‘Maxwell’s intelligent demon’’ by Thomson@6#, and created
what Thomson called the reversibility paradox@7#, that is, raised
the question: ‘‘How can irreversibility result from molecular m
tions and collisions which are themselves~according to Newton’s
laws of motion! reversible in time?’’

2.2 Boltzmann, Entropy, and Disorder. Boltzmann began
his lifelong, pioneering, and creative study of the atomic theory
matter as a doctoral candidate@8#. He tried to explain the secon
law of thermodynamics, misconstrued asdS.0, by using classi-
cal mechanical principles, but concluded that such an explana
could not be completed without the statistical approach introdu
by Maxwell. Upon adopting the statistical approach, Boltzma
made trailblazing contributions that are pre-eminent to date,
that include the Boltzmann equation and the H-theorem. As
well known, the H-theorem implies an expression for entropy@9#.

In 1876, Boltzmann’s professor, Loschmidt@8#, brought the
reversibility paradox to the attention of Boltzmann, and he quic
converted the apparent difficulty into a new conceptual adva
He asserted that ‘‘systems tend to pass from ordered to disord
states, rather than the reverse, because the number of disor
states is so much greater than the number of ordered states. . . .’’

This explanation suggested to Boltzmann that entrop
previously a rather mysterious quantity—should be interpreted
a measure of disorder, and the tendency toward larger value
entropy as a tendency toward greater disorder. Moreover
specified an expression for entropyS given by the relation

S5k log V (1)
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whereV is the number of microscopic configurations correspon
ing to a given macroscopic state, and k Boltzmann’s const
This expression is famous and is incised on Boltzman
tombstone.

2.3 Brillouin and Information. In addressing the questio
of entropy, Brillouin@10# states: ‘‘Entropy is usually described a
measuring the amount of disorder in a physical system. A m
precise statement is thatentropy measures the lack of informatio
about the actual structure of the system. This lack of informat
introduces the possibility of a great variety of microscopica
distinct structures, which we are, in practice, unable to distingu
from one another. Since any one of these different microstructu
can actually be realized at any given time, the lack of informat
corresponds to actual disorder in the hidden degrees of freedo

‘‘This picture is clearly illustrated in the case of the ideal ga
When we specify the total numbern of atoms, their massm, their
degeneracy factorg, and the total energyE, we do not state the
positions and velocities of each individual atom. This is the la
of information leading to the entropy. Since we do not specify
positions and velocities of the atoms, we are unable to distingu
between two different samples of the gas, when the differe
consists only in different positions and velocities for the atom
Hence we can describe the situation as one of disordered at
motion.’’

Nuances in terminology notwithstanding, it is noteworthy th
the information-theoretic approach is the underlying key idea
all statistical explanations of thermodynamics, in general, and
interpretations of various entropies, in particular. In view of t
enormous and impressive empirical evidence about the objec
reality, accurate reproducibility, and permanent impact of therm
dynamic phenomena on our resources and our environment,
amazing that so many people continue to try to understand
subject through statistical measures of ignorance. With so
hindsight, such an attitude is like saying that no child will ev
look like his parents because we do not know the details of
genome.

2.4 Feynmann, the Laws of Physics, and Disorder. In try-
ing to understand entropy and irreversibility, Feynmann@11# con-
siders the mixing of white and black molecules, and comme
‘‘Gradually the whites worm their way, by accident, across in
the space of blacks, and the blacks worm their way, by accid
into the space of whites. If we wait long enough we get a mixtu
Clearly, this is an irreversible process in the real world, and ou
to involve an increase in the entropy.’’

‘‘Here we have a simple example of an irreversible proce
which is completely composed of reversible events.. . . So we
have an irreversibility which is based on reversible situations.
we also see thereason now. We started with an arrangeme
which is, in some sense,ordered. Due to the chaos of the colli-
sions, it becomes disordered.’’

‘‘So far as we know all the fundamental laws of physics, lik
Newton’s equations, are reversible. Then where does irrevers
ity come from? It comes from order going to disorder, but we
not understand this until we know the origin of the order.’’

Though indeed all theknownfundamental laws of physics ar
reversible, it is noteworthy that neither Feynmann nor almost
other scientists ever pose the legitimate question: ‘‘are the kno
fundamental laws of physics correct but incomplete?’’ In Sect
5, we will see that the so-called known fundamental laws of ph
ics are correct, but incomplete, and that completion of these l
opens new scientific vistas that resolve the inconsistencies a
thermodynamics and broaden the realm of quantum theory.

2.5 Penrose, Disorder, and Lack of Specificity of the Defi-
nition of Entropy. Among many other recent publications, th
issue of entropy and disorder is addressed by Penrose@12#. He
writes: ‘‘Why is it that in the world in which we happen to live, i
is the causes which actuallydo precede the effects; or to pu
things in another way, why do precisely coordinated particle m
JUNE 2001, Vol. 123 Õ 111
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tions occur onlyafter some large-scale change in the physic
state and notbeforeit. In order to get a better physical descriptio
of such things, I shall need to introduce the concept ofentropy. In
rough terms, the entropy of a system is a measure of its man
disorder. . . . But what preciselyis the entropy of a physical sys
tem? We have seen that it is some sort of measure of man
disorder, but it would appear, by my use of such imprecise te
as ‘manifest’ and ‘disorder’, that the entropy concept could
really be a very clear-cut scientific quantity.’’

‘‘Thus, irreversibility seems to be merely a ‘practical’ matte
We cannotin practiceunscramble an egg, though it is a perfec
allowable procedure according to the laws of mechanics. Does
concept of entropy depend upon what is practical and wha
not?’’

‘‘Recall . . . that the physical concept ofenergy, as well as
momentum and angular momentum,can be given precise math
ematical definitions in terms of particle positions, velocitie
masses, and forces. But how can we be expected to do as we
the concept of ‘manifest disorder’ that is needed for making
concept of entropy mathematically precise? Surely, what is ‘ma
fest’ to one observer may not be so to another.’’

Penrose’s remarks are very puzzling in view of the univers
overwhelming, and extremely important empirical evidence t
cries for a rational, complete, noncircular, and unambiguous
planation. Such an explanation is discussed in Section 5.

The preceding~Sections 2.1 to 2.5! are a few of the comment
made by a number of eminent scientists about the statistical
planation of thermodynamics. Admittedly, the list is very sho
and the comments selected. Nevertheless, they are a represen
sample about the entropies of statistical mechanics and diso
and reflect the views of almost all scientists and engineers. In
next two sections, we describe two typical numerical examp
which purport to quantify the meanings of Boltzmann’s entro
and disorder at the macroscopic and microscopic levels.

3 Mixing of Colored Batteries
In both scientific and popular discussions of statistical mech

ics, one illustration of entropy is by means of mixtures of color
balls @13#. To facilitate the experimental verification of our con
clusions, instead of balls we consider four flashlight batter
painted white, and four flashlight batteries painted black, and c
figure them in a flat container. Each white battery is denoted bA
and each black byB. In one configuration, all white batteriesA are
to the left of the dotted lineP ~Fig. 1!, and all black batteriesB are
to the right. It is clear that there is only one configuration of t
type shown in Fig. 1, and therefore

V4:051 (2)

whereV i : j stands for the number of configurations in which the
are i A batteries to the left andj to the right ofP.

Next, we consider a configuration in which there is oneA to the
right and oneB to the left of P ~Fig. 2!. The A battery can be
placed in any one of the four right-hand sites, and theB battery in
any one of the four left-hand sites. So the number of configu
tions

V3:1516 (3)

Fig. 1 Configuration of four white „A… and four black „B… flash-
light batteries on each side of the line P
112 Õ Vol. 123, JUNE 2001
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Continuing this kind of configuring, and calculating the numb
of configurations of different types we find the results listed
Table 1. We see that the total number of configurations is 70,
that the most likely~36 out of 70! is the one corresponding to tw
A and two B on each side adjacent toP. According to Boltz-
mann’s definition of entropy, the configuration with the most po
sibilities prevails, and its entropy is

S2:25k ln 36 (4)

Next, we examine whether the preceding results conform
empirical evidence. For given values of the energy, the volum
and the amounts of constituents of a system, a very w
established and universally recognized thermodynamic experie
is that the higher the value of the entropy, the less the ability
the system to do work. So the question must be raised: DoesS2:2
reflect this universal empirical fact? The answer to the questio
an unqualifiedno! The reason is that each battery is a system, t
is, both its spatial coordinates and its probabilistic features
separable from and uncorrelated with the spatial coordinates
probabilistic features of any other battery, respectively,@14#.
Moreover, none of the instantaneous values of the propertie
any of the batteries is affected by the volume of either the
container or any of its sites. So no matter which configuration
consider at any instant in time, the amount of work that can
done either by each battery or by all the batteries collectively
the same for each of the 70 configurations. Because both the s
and the state of each battery are unaffected by its spatial loca
within the flat container, it follows that neither the value of an
Si : j nor of S2:2 is relevant to any thermodynamic consideration
More precisely, none of the values ofSi : j affects the adiabatic
availability1 @15# of any of the batteries, individually or
collectively.

This indisputable conclusion can be readily verified experim
tally. All we need is 280 typeA identically prepared batterie
painted white, and 280 typeB identically prepared batterie
painted black. At any instant in time, we can create the 70 c
figurations listed in Table 1, and check the work that each c
figuration can do. Upon performing the experiments, we find t
the work is the same for all configurations.

1The adiabatic availability is defined as the largest work that can be done
systemA in a given initial state while the change ofA does not involve net change
of the values of either the volume or the constituents, or both.

Fig. 2 One of the configurations with three white „A… and one
black „B… batteries to the left of line P, and three black and one
white batteries to the right of line P

Table 1
Transactions of the ASME
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If the budget permits it, we can also check the effect of entro
generated by irreversibility as a result of the spontaneous inte
discharge of each battery. To this end, we arrange many group
70 configurations, and check the work that can be done by on
more members of each group at a different instant in time. U
performing this experiment, we find that the work decreases a
therefore, the entropy increases spontaneously regardless of
figuration because the entropy increase is due to the internal
charge of each battery and not to the configuration.

In closing, it is noteworthy that all the conclusions just cited a
true for any number of colored batteries, and would continue to
valid even if the colored batteries were moving randomly with
the stationary flat container, provided we consider only the e
tricity from each and all batteries. Said differently, here the d
order defined by Boltzmann has no effect whatsoever on the
tropy of the system.

4 Mixing of Ideal Gases
Next, we consider the isothermal mixing of two distinguishab

chemically noninteracting gases, sayA consisting ofnA molecules
of argon, andB consisting ofnB molecules of butane. This mixing
has many similarities to the mixing of colored batteries, but a
some fundamental differences.

Prior to mixing,A is in a container of volumeVA at temperature
T and pressurep, andB in a container of volumeVB and atT and
p. TemperatureT is sufficiently high, and pressurep sufficiently
low so that each gas behaves as ideal2. Upon mixing, each gas
occupies the same volumeV5VA1VB , and the mixture is at
temperatureT, pressurep, and has an experimentally verifiab
thermodynamic entropySA1SB1Sirr , whereSirr is the entropy of
mixing generated spontaneously and given by the relation

Sirr5nA k ln
V

VA
1nB k ln

V

VB
(5)

andSi andni are the entropy prior to mixing and the number
molecules of gasi, respectively.

If viewed superficially, Eq.~5! may appear paradoxical com
pared to the results discussed in the previous section. The re
is as follows. Because the behavior of each of the gases is id
each gas molecule is a system, that is, both the spatial coordin
and the probabilistic features of each molecule are separable
and uncorrelated with the spatial coordinates and probabilistic
tures of any other molecule, respectively. Moreover, if we ad
the apparently innocuous classical mechanics view that each
ecule can be visualized as a body of rigid shape, then there w
be no difference between mixing argon and butane molecules
mixing of colored batteries discussed in Section 3. And yet,
contrast to the batteries which experience no entropy of mix
here the mixing of molecules does result in the spontaneous
eration of entropy by each molecule—k ln(V/VA) by an A mol-
ecule, and k ln(V/VB) by a B molecule. Moreover, the entrop
increase per molecule is independent of whether the numbe
molecules is large or small, including unity.

Some authors try to justify the entropy increase~Eq. ~5!! by
arguing that the larger the volume the larger the number of
crostates. In view of the behavior of the mixed batteries, t
argument is unconvincing because, in the case of the batteries
results show that the entropy is independent of the volume of
flat container. Moreover, if viewed classically, the number of m
crostates of each molecule of the mixture is infinite both for
initial volume and for the final volume. So, which infinity i
larger? It is clear that a much more rational and rigorous ex
nation is required. We discuss a quantum-theoretic explanatio
Section 6.7.

2Ideal gas behavior means that none of the molecules of the gases interact
any other molecule.
Journal of Energy Resources Technology
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5 Remarks About the Entropies of Statistical
Mechanics

In the preceding sections, comments by eminent scientists
cited to illustrate the widely held beliefs that entropy is a statis
cal, monotonic measure of disorder, and that disorder repres
the number of microstates that are most likely to occur in a m
roscopic system. In addition, two experiments are discussed w
have practically identical classical mechanical features and
yield results contrary to the premises and predictions of statist
classical mechanics and the empirical evidence about therm
namics. Though the discussion of the experimental evidence
been based solely on k lnV, other expressions of entropies o
statistical mechanics lead to identical contradictions.

In view of this background which is as old as the subject itse
it behooves us to ask whether the beliefs are consistent both
the correct laws and theorems of thermodynamics and the
totality of the empirical evidence. If we take the view that the
modynamic phenomena represent a physical reality indepen
of the evolution of homo sapiens, then we must conclude that
empirical evidence is beyond the realm of mechanics, either c
sical or conventional quantum, because entropy is beyond
realm of these two sciences. This conclusion is analogous to
approach taken regarding the geocentricity versus heliocentr
of the solar system. After many millennia, the issue was deci
not solely on the basis of appearances and accuracy of nume
results, but also on the basis of logical consistency and bread
experiences.

6 Roadmap Through Recent Developments

6.1 A Unified Quantum Theory of Mechanics and Ther-
modynamics. Hatsopoulos and Gyftopoulos@16–19# have pro-
posed a nonstatistical resolution of the dilemmas and parad
that have preoccupied generations of physicists over more th
century in their attempts to rationalize the relation between m
chanics and thermodynamics. The resolution is based on a un
quantum theory of mechanics and thermodynamics which with
modification encompasses all systems~both macroscopic and mi
croscopic, including systems with only one particle!, and all states
~both thermodynamic or stable equilibrium and not sta
equilibrium!.

The key for the elimination of all statistical explanations is t
discovery that the only quantum-mechanical density operatorr
.r2 that are subject to the laws of physics~quantum-theoretic
and thermodynamic! are those that can be represented by a hom
geneous ensemble3 @19#. In such an ensemble, every member
assigned the samer as any other member~Fig. 3!, and experimen-
tally ~in contrast to algebraically!, r cannot be decomposed—i
unambiguous or irreducible—into a statistical mixture of eith
projectors or density operators different fromr. The impossibility
of decomposition is analogous to von Neumann’s@20# conclusion
that a wave function or projector (r i5r i

2) cannot be decompose
into a statistical mixture of states of classical mechanics. Mo
over, and perhaps more importantly, the extension of the con
of homogeneity to density operatorsr.r2 is accomplished with-
out radical modifications of the quantum-theoretic postulates
theorems about observables, measurement results, values o
servables, and densities or probabilities of measurement resu

Key concepts—definitions, postulates, and theorems—of
unified theory are discussed also by Gyftopoulos and C¸ ubukçu
@21#, and Gyftopoulos@22#.

6.2 Equation of Motion. Hatsopoulos and Gyftopoulo
@18# observed that Newton’s, Schroedinger’s, and equivalent

with

3In quantum theory, measurements of any property, such as energy, on a
semble of identical systems, identically prepared yield a spectrum of values. A
ciated with each value is a nonstatistical probability—a probability that canno
eliminated by increased or more accurate knowledge. The density operatorr repre-
sents all the probabilities for measurements of all properties at an instant in tim
JUNE 2001, Vol. 123 Õ 113
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Neumann’s equations of motion are correct, but incomplete. M
specifically, Schroedinger’s equation describes only revers
adiabatic processes that are unitary. However, not all revers
adiabatic processes are unitary, and not all processes are re
ible. Moreover, von Neumann’s equation@23# for unitary trans-
formations ofr in time is not acceptable because both hisr are a
statistical average of wave functions or projectors, and the st
tical weight of each wave function is independent of time.

In response to these observations, Hatsopoulos and Gyftopo
@16# postulated a von Neumann-like equation for the unitary e
lution in time of unambiguous or irreducibler’s, and Beretta et al.
@24,25# proposed equations of motion that involve no statist
associated with lack of information or ignorance, or macrosco
justifications, and that account for both all reversible and all ir
versible processes.

It is noteworthy that, of all the equations of motion that diff
from the Schroedinger equation and that have been propose
the literature, Kossh and Steffen@26# and Çubukçu and Gyftopou-
los @27# prove that the equations proposed by Beretta et al.@24,25#
are the only ones that comply with all the criteria that must
satisfied by an equation that accounts for all reversible and
irreversible processes.

6.3 A Novel, Nonquantal Exposition of Thermodynamics.
Gyftopoulos and Beretta@28# have composed a novel, nonstati
tical exposition in which all concepts of thermodynamics are
fined completely and without circular and tautological argume
in terms of only the concepts of space, time, and force or ine
mass. Though the intellectual underpinning is the unified quan
theory cited earlier, the new exposition evolves without any r
erence to quantum-theoretic concepts, postulates, and theo
So it can be studied without knowledge of quantum theory.

The order of introduction of concepts, postulates, and theor
is: system~types and amounts of constituents, forces between c
stituents, and external forces or parameters, such as volu!;
properties at an instant in time; states; the first law~without the
concepts of energy, work, and heat!; energy~without work and
heat!; energy balance; classification of states in terms of ti
evolutions; thermodynamic or stable equilibrium states; sec
law ~without temperature, heat, and entropy but as an assertio
existence of one and only one stable equilibrium state for each
of values of energy, volume, and amounts of constituents!; gener-
alized available energy; entropy of any state, stable equilibrium
not, in terms of energy and generalized available energy~and not
in terms of temperature and heat!; entropy balance; fundamenta
relation which exists for stable equilibrium states only; tempe
ture, pressure and total potentials in terms of energy, entro
volume, and amounts of constituents, valid for stable equilibri
states only; the third law; work in terms of energy only; heat
terms of energy, entropy, and temperature only; other interacti
various applications. All concepts and postulates are valid for
systems~both macroscopic and microscopic!, and all states~both
stable equilibrium and not stable equilibrium!.

Fig. 3 Representation of a homogeneous ensemble
114 Õ Vol. 123, JUNE 2001
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In this exposition, no statistical considerations whatsoever
required either by any definition or by any postulate or by a
theorem.

6.4 Definition of Entropy. The definition of entropy in the
novel exposition@21,29,30# differs from and is more general tha
that in any other exposition of thermodynamics. The new defi
tion: ~i! applies to all systems, both macroscopic and microsco
including one-particle systems; (i i ) applies to all states, both
stable equilibrium and not stable equilibrium; (i i i ) most certainly
is not statistical; and (iv) satisfies about ten reasonable a
readily understandable criteria.

6.5 Energy Versus Entropy Graph. One result of the
novel exposition of import to the purposes of this paper is a gr
of energyE versus entropyS @31#.

At an instant in time, thestateof a system is defined by the
values of the amounts of constituentsn, the value of the volume
V, and the values of a complete set of independent properties,
can be represented by a point in a multidimensional space
one axis for volume, for each amount of constituent, and for e
independent property. Such a representation, however, is
wieldy because the number of independent properties of any
tem, even a system consisting of one particle only, is infin
Nevertheless, useful information can be captured by first cut
the multidimensional state space by a hypersurface correspon
to given values of the volume and of each of the amounts
constituents, and then projecting the cut on an energy versus
tropy plane. For a systemA without upper bound on energy, w
prove that the projection must have the shape of the cross-hat
area in Fig. 4.

A point either inside the cross-hatched area or on any line of
surfaceS50 represents the projections of an infinite number
states. Each such state has the same values ofn, V, E, andS, but
differing values of other properties, and is not a stable or therm
dynamic equilibrium state. In particular, the surfaceS50 repre-
sents all the states encountered in purely mechanical theorie
physical phenomena. On the other hand, by virtue of the sec
law of thermodynamics, each point on the convex curve rep
sents one and only one stable equilibrium state. Said differen
on the convex curve the value of every property, including e
tropy, is determined solely by the values ofE, n, andV, or the
value of every property, including energy, is determined solely
the valuesS, n, andV.

For all classes of states, stable equilibrium or not stable e
librium, it is clear that entropy is a property of the constituents
the system and not a statistical measure of ignorance, lac
information, inability to perform detailed calculations, or disorde
More specifically, in dilute systems~ideal gas behavior! each mol-
ecule has its own private entropy in the same sense that it ha

Fig. 4 Energy versus entropy graph of a system with fixed
values of amounts of constituents and volume, and without up-
per bound on energy
Transactions of the ASME
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own private energy and its own private momentum. The imp
tance of this interpretation of entropy and the conceptual dif
ence of the interpretation from all others in the literature canno
overemphasized.

6.6 Analytical Expression for Entropy. It is self-evident
that any explicit analytical expression purporting to represent
concept of entropy must satisfy the criteria resulting from its d
nition. Gyftopoulos and C¸ ubukçu @21# prove that none of the ex
pressions existing in the literature, including k lnV, conform with
these criteria, except for

S52k Tr@r ln r# (6)

provided thatr is a density operator that cannot be decompo
into other operators, that is, an operator which is represented
homogeneous ensemble~Fig. 3!, where Tr stands for the trace o
the operator that follows,4 and k is Boltzmann’s constant.

Though it looks identical to a relation proposed by von Ne
mann, Eq.~6! differs from von Neumann’s relation for a funda
mental reason of paramount importance. In the von Neumann
lation, r is a statistical average of wave functions or projecto
Accordingly, not all members of the ensemble representation
such ar are characterized by the same projector. In Eq.~6!, r is
an unambiguous or irreducible operator that can be represe
only by a homogeneous ensemble~Fig. 3!. If r is ambiguous—
operationally can be decomposed into a statistical combinatio
two or more different density operators—Eq.~6! does not repre-
sent the entropy of thermodynamics, and neitherr nor S are sub-
ject to the fundamental laws of physics.

6.7 Entropy as a Measure of the Quantum-Theoretic
Shape of Constituents. In many textbooks@32,33#, the prob-
ability density function of the spatial coordinates is interpreted
the shape of the constituents of a system. An illustration is p
vided by the wave packet and its evolution in time depicted in F
5. Gyftopoulos@22,30# observed that the same interpretation
the spatial shape can be applied to the probabilities derived fro
density operatorr.r2.

It follows that the entropy of thermodynamics~Eq. ~6!! is a
measure of the quantum-theoretic spatial shape of constituen
the same sense thatmv2/2, and not some other expression, is t
measure of the kinetic energy of a molecule.

For given values of the energyE, volumeV, and amounts of
constituentsn, the values of the special measureSrange from zero
to a largest value. For all density operators that are project
r i5r i

2, such as the wave packet in Fig. 5, the value ofS50. For

4If an operator is written in matrix form, the trace is the sum of the diago
elements of the matrix.

Fig. 5 Time evolution of the shape of a wave packet in an
infinitely deep, one-dimensional potential well †32‡
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all other density operators,r.r2, S.0 and reaches the larges
value for the density operatorr0 that corresponds to the uniqu
stable equilibrium state dictated by the second law of thermo
namics for the given valuesE, V, and n. For example, for any
stable equilibrium state of an electron in a spherically symme
Coulomb field ~hydrogen atom!, the shape ofr0 is a perfect
sphere.

With this interpretation in mind, we can think of the spontan
ous increase of entropy in the course of irreversible processes
natural tendency of an atom, molecule, or other system to a
the shape of its state to the nest of internal and external force
the system until no further reshaping is possible, that is, for gi
values ofE, V, andn, until the uniquer0 and the largest value o
S are achieved. The adaptation to the internal and external fo
is always in the direction of nondecreasing entropy, and is be
tifully exemplified by considering the spontaneous expansion
an amount of colored gas squirted in a corner of a transpa
glass container. During the expansion, the shapes of the molec
change as illustrated by the wave packet in Fig. 5. Another
ample is the change of shape of a hydrogen atom from an in
arbitrary shape to a sphericalr0.

6.8 Velocity of Any Particle of a System in a Stable Equi-
librium State. For a system in a stable equilibrium state, Gy
topoulos@22,30# proves that the quantum-theoretic value of t
velocity of any particle—nucleon, electron, atom, or molecule
equals zero. This zero is the value of the velocity of the particle
question and not an average over velocities of different partic
moving in different directions. In other words, if a system is in
thermodynamic or stable equilibrium state, every motion h
ceased, nothing moves.5

6.9 Entropy of Thermodynamics and Perfect Order. For
a system with given values ofE, V, andn, in the unified theory
and in the novel exposition we have established the follow
results:~i! there exists one and only one stable equilibrium st
that cannot be decomposed into a statistical combination of o
states; (i i ) in the stable equilibrium state, the entropy has t
largest value, and all velocities are null; and (i i i ) there is an
infinite number of states for each value of the entropy smaller t
the largest value. In view of these results, we are compelled
conclude that the stable equilibrium state is more orderly than
other state which is turbulent or nonequilibrium, or said diffe
ently, that thermodynamic or stable equilibrium represents per
order rather than disorder. Interestingly enough, because of
uniqueness of the stable equilibrium state for each set of valueE,
V, andn, the conclusion about order is reached even if we use
definition of disorder proposed by Boltzmann!

This completes the brief description of the roadmap through
interwoven recent developments about thermodynamics and q
tum theory, and the definition, analytical expression, and picto
interpretation of the entropy of thermodynamics. In the next s
tion, we examine the beliefs about statistics and disorder in
light of these developments.

7 Review of Beliefs About Statistical Mechanics

7.1 Maxwell’s Views „Section 2.1…. Maxwell is correct in
asserting that if one accepts the classical atomic-kinetic vi
point, entropy and irreversibility cannot be parts of an absol
law of nature. Viewed from that perspective, molecules have fi
shapes, and do not have entropy as a private property as the
have inertial mass and energy as private properties. As discu
in Section 4, however, the theoretical and empirical evidence w

al

5In quantum theory, the value of an observable is the expectation value o
operator that represents the observable. A complete set of expectation valu
linear operators of independent observables defines one and only oner and, con-
versely, eachr defines one and only one set of values of such observables.
noteworthy that the momentum operator is linear, whereas its square is not. A
the Hamiltonian operator is linear, whereas its square and any higher power are
JUNE 2001, Vol. 123 Õ 115
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gases under conditions of ideal behavior is contrary to Maxwe
conclusion. If we abandon the premise that molecules have fi
shapes and accept the quantum-theoretic idea that molecules
a variable shape, we can overcome the contradition. The vari
shape is even more elegantly illustrated by our current un
standing of the electromagnetic field in a thermodynamic or sta
equilibrium state. It is shown@34# both that each mode of funda
mental frequencyn has its own private energy, entropy, an
pressure—behaves as each molecule of an ideal gas—and th
integral of each of these three properties over all fundame
frequencies yields the respective calculated and measured p
erty of the blackbody. Moreover, and perhaps more importan
the pliability of the modes to adapt from one volume to anothe
easier to visualize and comprehend in terms of electromagn
waves than in terms of molecules. Of course, the quantizatio
either a particle with nonzero inertial mass or of the electrom
netic field, and the nonclassical explanation of molecular str
tures and blackbody radiation were not known at the time M
well proposed his statistical theory. The contemporary eviden
however, suggests that the visualization of molecules as bo
with fixed shapes is neither necessary nor sufficient to regula
thermodynamic phenomena. The discussions in Sections 6.4
and 6.7 eliminate the classical mechanics premise, and yield
sults that are consistent with both our understanding of quan
theory, and with all the empirical evidence.

Again, Maxwell is correct in asserting that a being with ‘‘fin
tactile and perceptive organization’’—a demon—could sepa
fast molecules from slow molecules in a container without perf
mance of work, in violation of the second law of thermodynami
Here too, his premise is the notion that, at the microscopic le
molecules do not have entropy as a private property. More t
300 publications@35# discuss the feasibility of the demon by usin
different specific devices~pistons, photons, ratchets and paw
and computers!, and all conclude that the demon is not feasib
because each device of the schemes just cited generates en
and at the end of each scheme the entropy change is positive
so the second law remains intact.

Upon careful study, I find that practically all the refutation
about the demon are flawed for three fundamental reasons. F
none of the authors of these refutations addresses the pro
posed by Maxwell, that is, that the demon must accomplish
task without any energetic and/or entropic cost to him whatsoe
In each refutal, the specific devices contribute either energy
entropy, or both and, therefore, do not operate as specified
Maxwell. Second, in each of these refutations, the demon
proven infeasible by showing that the entropy increases and
the authors conclude, the second law is not violated. But thi
not correct reasoning. The laws of thermodynamics require
the entropy increase only in irreversible adiabatic processes
these laws do not require that all adiabatic processes be irre
ible. Third, and perhaps most importantly, each of these ref
tions overlooks one of the most elegant and most universal re
of thermodynamics, that is, limiting conditions must be and
ways are established for a reversible process, and not for
particular gizmo for the implementation of the process, beca
for a given task all reversible processes are equivalent. For
ample, the Carnot coefficient (T12T2)/T1 is independent of the
engine and its cycle, and an excellent illustration of the rem
just cited.

One definitive exorcism of the demon@36# is achieved by an
analysis of his demonic act in terms of the graph in Fig. 4. T
graph can be regarded as representing the states of the air
ecules in the vessel discussed by Maxwell. The air is systemA in
thermodynamic or stable equilibrium stateA0 . The demon is
asked to sort the air molecules into swift and slow without a
contribution either by him or the environment. If this were po
sible, the final state ofA would beA1 , that is, a state with the
same valuesE, V, and n and less entropy thanA0 ; but, in the
novel exposition of thermodynamics, entropy is not introduc
116 Õ Vol. 123, JUNE 2001
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because ‘‘we are compelled to adopt the statistical method
calculation’’ but because it is proven to be a well-defined, no
statistical, and nondestructible property of each molecule. Acco
ingly, the demon cannot reduce this molecular entropy with
compensation no matter how ‘‘fine his tactile and perceptive
ganization’’ is. It is clear that this impossibility has nothing to d
with either spontaneous entropy generation~irreversibility!, or
shortcomings of the procedures the demon has at his disposa
both.

Equivalently, if the demon is regarded as a perpetual mot
machine of the second kind@37#, then his ultimate goal is to
extract energy only—make the system do work only—start
from stateA0 . But, under Maxwell’s specifications, it is clea
from the graph in Fig. 4 that, inherently, each state of ene
smaller thanE0 of A0 has also smaller entropy thanS0 . And
again, because entropy is a well-defined, nonstatistical, and
destructible property of each molecule, the demon cannot acc
plish his assignment because he is forbidden from compensa
for the entropy reduction. If either he were allowed to extract b
energy and entropy, or if entropy were not a property of ea
molecule, the demon’s task would be very easy. All he wo
have to do is cool the air to a temperature smaller thanT0 or
extract only energy.

A second definitive exorcism is achieved by an analysis ba
on the quantum-theoretic results summarized in Section 6.8.
establish the quantum-theoretic value of the velocity of each m
ecule, the demon must perform measurements on homogen
ensembles that represent the stable equilibrium state density
eratorr0. As a result, he finds that the value of the velocity
each molecule—not the average of the velocities of ma
molecules—equals zero.6 So he concludes that there are no sw
and slow molecules to be sorted out. Though he would continu
venerate the imaginative and creative intellect of his father,
regrets that quantum theory was not recognized earlier so tha
could have been spared the century-long search for a solution
problem that does not exist.

7.2 Boltzmann’s View „Section 2.2…. On the occasion of
the 150th anniversary of Boltzmann’s birthday, in a recent es
Lebowitz@38# reminds us of how richly Boltzmann deserves to
admiringly commemorated for the originality and importance
his ideas, discusses the success of Boltzmann’s statistical
proach in explaining the observed irreversible behavior of mac
scopic systems in a manner consistent with their reversible mi
scopic dynamics, and finds it surprising that there is still so mu
confusion about the problem of irreversibility.

I could not agree more with the debt we owe to Boltzmann
his trailblazing, stimulating, and fertile contributions to physic
However, both our current theoretical understanding, and em
cal evidence suggest that Boltzmann’s views about thermodyn
ics are not indisputable~see Sections 3 and 4!.

In Sections 6.4 and 6.6, we show that entropy is not statisti
and that k lnV cannot represent the entropy of thermodynam
because it does not satisfy the criteria that must be met by
analytical expression that purports to represent entropy. In Sec
6.2, we provide arguments for the need of a complete equatio
motion which describes both all reversible processes and irrev
ible processes, and propose nonstatistical equations that sa
these criteria. Moreover, Gyftopoulos@36# has shown that the
Boltzmann equation that describes the evolution in time of a d
sity function of space and time, even if valid, applies only to ve
dilute gases, that is, states for which the expectation value of
number of particles is less than unity.

In Section 6.9, we prove that both the novel exposition and
unified theory require that each thermodynamic or stable equ

6Despite the fact that the value of the velocity is zero, many scientists claim
the kinetic energy of each molecule cannot be zero because the expectation va
the square of the momentum operator is always positive. There are at least a
arguments which prove that the reasoning just cited is not valid.
Transactions of the ASME
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rium state must be unique because that is the content of the se
law of thermodynamics. So, even if we use Boltzmann’s criter
of disorder, we must conclude that a thermodynamic equilibri
state represents perfect order.

An empirical result that contradicts the idea that a spontane
entropy increase implies an increase of disorder is the spont
ous crystallization of an agitated and turbulent fluid. It is hard
argue that an agitated and turbulent fluid is more orderly tha
perfect crystal.

Another empirical result is discussed by Bridgman~Denbigh
@13#!. He refers to the spontaneous crystallization of a superco
liquid which results in entropy increase, and for which again
difficult to claim that there has been an increase in disorder. N
ertheless, Denbigh@13# argues that: ‘‘ . . . though there is a de
crease of configurational entropy, consequent on the more ord
arrangement of the lattice as compared to the liquid, there
more than compensating increase inthermal energy, due to the
randomization of the liberated potential energy over the vib
tional motions of the atoms in the crystal.’’

There are several objections to Denbigh’s insistence to exp
the spontaneous entropy increase by invoking a connection
tween thermodynamic equilibrium and disorder. For examp
thermal energy—heat—is not a property of a system. Ther
energy refers to the entities that are exchanged between two
tems in the course of a heat interaction. Again, we have pro
~Section 6.8! that, in any thermodynamic equilibrium state, th
quantum-theoretic value of the velocity of any individual partic
equals zero. So there are no vibrational motions in a crystal
thermodynamic equilibrium state.

In view of these observations, we must conclude that neit
Boltzmann’s expression for the entropy of thermodynamics,
his association of entropy with disorder are justified either
quantum theory or by the empirical evidence.

7.3 Brillouin’s View „Section 2.3…. Brillouin and other sci-
entists @39–41# propose a statistical interpretation of thermod
namics, and an informational explanation of entropy. They ar
that the better informed an observer is about the state of a sys
the lesser the entropy that he assigns to that state. In the lig
both the unified theory, and the empirical evidence, both the
formational interpretation of thermodynamics, and the inform
tional explanation of entropy cannot be correct. Given a syst
its state is uniquely determined by a density operatorr or by a
complete set of values of independent properties, provided e
property is represented by a linear operator and not any powe
the operator, such as the momentum operator and not its sq
Moreover, the performance of the system is dictated exclusiv
by the values of the concepts just cited and not by the degre
information of an observer. For example, if the system is in
stable equilibrium state, the operator isr0, the entropy is the
largest of the entropies of all the states that share the same v
E, V, and n, and no amount of additional information affec
eitherr0 or (2k Tr r0 ln r0). Again, let us consider two identica
electricity storage batteries, each having the same value of en
but one being fully charged and the other fully discharged in
nally and spontaneously. A universal experience is that every
server, who knows nothing about thermodynamics, informat
theory, entropy, and batteries, will find that one battery power
flashlight, whereas the other does not. Similar comments ca
made about a myriad of other systems in either a thermodyna
equilibrium state or not in such a state. So the statistical inter
tation of thermodynamics, and the concomitant informational
planation of entropy, cannot be correct.

In addition, Brillouin associates lack of information, entrop
and disorder with lack of specificity of the positions and velocit
of the molecules of an ideal gas. As we discussed in Sectio
and 4, however, this association leads to inconsistencies.
Journal of Energy Resources Technology
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7.4 Feynmann’s Views„Section 2.4…. Feynmann wonders
how we get irreversibility out of the equations of mechan
which describe only reversible phenomena, and associates en
with disorder.

Our answer to Feynmann’s perceptive comments is that
equations of motion of mechanics are correct but incomplete,
that an appropriate proposal for their completion has been m
~Section 6.2!. Unfortunately, because most scientists believe t
all questions about thermodynamics have been answered by
tistical mechanics, very few individuals recognize that there
main important questions to be answered, and that the disco
of the complete equation of motion of physics is one of them.

Our position about disorder is discussed in Section 7.2.

7.5 Penrose’s Views„Section 2.5…. Penrose as well as
many other eminent physicists associate the increase of ent
with the arrow of time. Despite the almost universal agreem
about this association, I believe that its validity is not correct; b
full discussion of this issue is beyond the scope of this paper

Next, Penrose asserts that entropy could not be a ‘‘very cle
cut scientific concept.’’ I could not disagree more with this ass
tion because, in the novel exposition, the definition of entropy
as explicit, complete, noncircular, and precise as that of any o
important concept of physics~Section 6.4!.

Next, Penrose questions the importance of conceiving conce
such as irreversibility, that are ‘‘practical.’’ I have two respons
to this kind of questioning. First, thermodynamic thinking plays
very important role in cosmology. Second, our ability to cont
entropy generation—to use processes that are as close to re
ible as we can afford—is of paramount importance to the prot
tion of our environment, and the wise use of our limited resour
of energy and materials. I would be very surprised if there w
many scientists who feel that physics should not be concer
with the well-being of humanity.

Finally, Penrose claims that entropy does not have an analy
expression as do energy, momentum, and angular momen
The discussions in Sections 6.6 and 6.7, and many relation
classical thermodynamics contradict this claim, and provide
controvertible evidence that the concept of entropy not only
an analytical expression, but it is as well founded as any ot
well-defined concept of physics including energy, momentu
and angular momentum.

8 Conclusions
The brief summaries and the references listed in Section

provide a lot of information for study. The main message is t
thermodynamics is a well-defined, nonstatistical general the
that includes mechanics, conventional quantum mechanics,
classical thermodynamics as special cases.

The conclusions in Section 7 contradict the beliefs about th
modynamics, statistical mechanics, and entropy discussed in
tions 2 to 4, but are consistent with the empirical evidence.
particular, entropy is shown to be a measure of the quant
theoretic spatial shape of the molecules of a system. For g
values ofE, V, andn, the value of this measure increases fro
zero to a maximum, and the latter value corresponds to a un
state which is the most ordered of all the states that have the s
valuesE, V, andn.

Nomenclature

E 5 energy
k 5 Boltzmann’s const
n 5 vector of amounts of constituents
ni 5 amount ofith constituent
p 5 pressure

S andSi 5 entropy and entropy of systemi
Si : j 5 entropy that corresponds toV i : j

T 5 temperature
Tr 5 trace of operator that follows
JUNE 2001, Vol. 123 Õ 117
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V andVi 5 volume and volume of systemi
r 5 quantum mechanical density operator

r i 5 ith quantum-mechanical projector; represents
quantum-mechanical wave function

r0 5 quantum-mechanical density operator that corre-
sponds to one and only one thermodynamic equ
librium state

V 5 no. of microscopic configurations that correspond
to given macroscopic state

V i : j 5 no. of microscopic configurations that correspond
to arrangement withi systemsA and j systemsB
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