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(Research Laboratory of El ectromics-NIL)

The purpose of this paper is to present and
illustrate two new methods for solving optimal control
problems of systems represented by input~ocutput relations,
Many physical systems, such as nuclear reactor systems,
are olten stuémed by means of inpul-ocutput measurements
.whicnﬁ_ln generalg result in input-ocutput relatlons, It
appears, therefore, that the study of optimal control
prébiems through input-cutput methods has‘merit,

A simple exam?le is used here to present the essentials
of the methods even though they ave applicable to complexn
linear(lj and to a class of nonlinear systems, ‘Letr-the _
input-output relation Se;
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where u(t) is the input and y(t) is the output .
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(1 Characteristic Exvansion Metho E ) Let it be desired

that the output be brought to ?T at =1 and so that
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is mininized, Express the kernel h{T-t) as a finite series
in terms of some chawacte istie orthonormal set, i, e,:
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The orthogonality range is

@ r“'\-i
s ]

« Expand the input in

terms of the same orthonormal set
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Using {3} and (&) in (1) at ©=7 and in (2}, finds
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Minimization of (5bj,

under constraint {(5a), yields the

complete set of BD“S which define the optimal input,
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{I1) Functional Analvsis

Maethod,

Suppose it is desired

to transfer the output to ¥y

input conatraineé by

in a minimum time, with the
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Apply HBlder's inequality to (1) at t=7 to find:
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where 1/p 4+ 1/qg = 1., Since %h{fat)% g is manotcnicaily-

increasing wich T, its minimom inolies minimum
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with the equality signs, Thus,
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vhere the minimum time T% is
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to be minimun, {7) must be satisfied

the optimal input is
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found from {(7}. The

sults are identical to those of other methods



The present methods have been applied to several
systems, The following example illustrates the resulcs,
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A simple expression for the average incremental temperatureg‘

@{t), of a reactor is given b;{ }
bl
gi&)= @.E sin b($-s)aisids
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if terms only up to second oxder are retained, The
constants a, B, and ¢ depend on the reactor parameters,
and u{t)} is the externally controlled reactivity. Let it
bg desired that g{t) be brought to @T at t= with the
minimum value of the integral of uZQt)o Minimization of
the integral is equivalent toe penalizing small periods, ‘
Suppose the reactor is at equilibrium for t {0, Set T=2%/b
for simplicity and find that the common characteristic
orthonormal fumctions to all kernels arves ﬁlét)=y§7§
@Zﬁ(t§=§§7§ sin(2unt/T) ®2r+1(t}=§?ﬁg cos(ngt/mg

n=l, 2, ... Use Method I to comclude chat, when @Ta al{ 2%,

the optimal input is:
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where B.,= Gz jf&f : &fga B =B,=0, B =ﬁj§?
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Hext copsider the same systenm without the nonlinear
term. Suppose it is desired to bring 8(t) to. 9y in minimum
time with the input comstrained by
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Using {(8) for ¢=1. and ¥=1, find that the optimal input is:
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where T% is obtained by satisfying
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