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WUCLEAR POWER PLANT TRANSFER FUNCTIONS
by
E. P. Gyftopoulos and H. B. Smeis

Introduciion

The dynsmic performance of & nuclear power plant is describéd by
means of partial differential equations with raspect to tims and spatial
verisbles, Therefore, a muclear plant is a distributed paremeter system.

sithough this is generally recognized, the transfer functions of
nuclear reactors and their associated thermel components are usuelly de-
rived from lumped parameter mdels(l)(z)(a) and thug the partial dif-
ferentisl equations reduce to ordinery differsntial equations.

In this paper an attempt is made to derive ﬁhe transfer functions of
a nuclear power plant from the partisl differential eguatiofis with the as-
sumption that the heat transfer coefficients are independent of tempers.
ture. .

As an example, a conventional steam power plant is considered whose
primary source of energy is a gas-cooled liguid metal fueled reactor
{Fieg. 1). However, the method of approach to the reactor itself can be
applied, with only minor modifications, to any resctor with a one-phase
eoolent,

In the firs% part of the paper, the transfer functidns of the re-
actor are derived and,in the second part, the heat exchanger and the
pipes are studied.

Most of the numerical work is included in Appendices &, B and €.
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1. NUCLEAR REACTOR THANSFER FUNCTIONS

1.1 Description of the Redctlor.

The gas-cooled liguid metal fueled rea.c‘boru") consists of a graphite
core through vhich two sets of holes are drilled, "The fuel is coniained
in the vertical holes and the covlant passes through the horizontal ones.
The core s made of twenty—three graphite elements 56 inches in length,

& picture of a portion of one of them is given in Fig. 2. The core is
nearly parsllelepipedic and is surrounded by a graphite reflector,.

The fuel is-liquid bismuth conteining highly enriched uraniwn. The
vertical holes sre connected by means of a manifold to & reprocessing
plant, Helium is used as coolant and is blown through the reflector and
then through the horizonial holes of the core at a pressure of 500 psi.

1.2 Hesat Flow betwean the Fusl and the Coolant.

The cross sectlon of the coolsnt channels is varied 1n such a wey
that the outlet coolant vemperature ig equal in any cheannel. The tem—
perature of the moderator is approximately constant in any plane per—
pendicular to the coolant channels, All the heat is assumed to be re-
lessed in the fuel chammels and is carried away by the gas of the nesrest
coolant channels.

The reactor core cah be divided in elementary cells like the one
shown in Fig. 3. Each of those cells cen be subdivided into eight sub-
cells having the same characteristie perameters. It is reagonable to
assume, with C. L. Larson(s) , that no heat flows from cne cell to an-
other and from one subeell to another, Larson has also shown thati the
heat flow between the fuel and the gas can be conputed within o% of ac—

curacy by ccnsidering a parallelepiped having the seme cross section
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perpendicular to the heat flow as the suboell and & width equal to the

shortest distance between the fuel and the coolant, The heat flow ig
therefore mostly one dimensional,

Thus the reactor can be considersd ss made of parallel .fuel and
coolant channels. Along any: gas channel, heat ia transferred th;'c_)ugh
the graphits perpendicularly tothe gas flow, from the internally heated
liguid metzl to the gas.

Incldentally, heat conduction in graphite in the direction of the
gas channel is not appreciable, because the temperature gradient across
the graphite iz one hundred times larger than in the gas channel direc—
tion, Furthermore, heat convection in the fuel end heat conduction in
and heat radiation from the gas are negligible,

1.3 CFransfer Functiéns of the Remctor.

Under the assumptions of section 1.2, the effect of a veristion in
the gas input temperature, gas velocity and heat released in the resctor
on reactivity and gas output temperature will be eveluated. Only the
case of a space independent hedt sourece will be considered here. The
generel cese has been deslt with elsewhers by one of the. author_s'(e’).

The computations are simple but rather long, hence the derivetion

of only { transfer function will be given in detail in Appendix A.

The nomeficlatuie of thé following secticns ig:

= hbax _ : -1
BT e hr
¢, = specific heat of the moderator BTU/1b°F
¢, = specific heat of the fuel BTU/16°F

¢! = specific heat of the gas 2 BIU/1%F



£, = ses eq. (1.5.8)

h = hest transfer ccefficient at the gas solid
interface

k¥ = conductivity of the Ffictiticus sclid

kl = conductivity of graphite

k, = conductivity of the fuel

keff = effective multiplication factor

i = average lengith of the coolant channels in
the core.

J# = effective meutron lifetime

n = neutron density

p = resonance escape probability

e = Ji_ G = Jf_— 9 ~ LTE_

1 2

a = complex frequency

t = time

v = velocity of the coolant

x = coordinate parallel to the coolant flow

v = coordingte parallel to the heat flow

Yoo 12 ¥y see Figs. 4 and 7

A% = effective surface of heat exchange between
moderator and gas

32 = buekling

c, = ith delayed neutron precursor densliy

Mt = mags of ﬂ;e.gas

Q = heat source densify in the fuel

8 = 1/ki% heat flow

BTU/£4° hrOF

BTU/ft br'F

BTU/ft hr'F

BTU/£t hrF

ft

hr

neutrons/f t3

£t

Bt

hr
f/hr
£+
ft
£i

£t°

7=

atoms/f ‘t-3
b

3
BTU/ft"hr

O/t
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T = temperature of the fictitious solid p
{medel II)
'1'l = temperature of the moderator °F
'1‘2 = femperature of the fuel O
T w = average temperature of the moderator “p
m

TAV = average temperature of the fuel °F
b .

o4 = thermal diffusivity of the fictitious solid £t%/ar

«j = thermal diffusivity of the moderator £t°/hr
¢, = thermel diffusivity of the fuel £t%/hr
B = total fraction of delayed neutrons —
By = ¥Traction of delayed neutrens of ith kind —_—
8 = tempersture of the gas c'F
8, = inlet temperature of the gas %%
Ql = oullet temperature of the gas OF
th -1

A, = precursor decay constent (i kind) hr

p = densify of the flctitious solid (model II)  1b/ft?

Py = density of the moderator :_Lb/ft3
p, = density of the fuel _ b/t
p¥ = reactivity —
T = Termi sge . ft2

Any overbarred symbol implies the Laplace transform of the increment

above the sieady-state value of the guantity in question“.
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1.4 Temperature and Power Transfer Funciions — Model I.

A representative subeell of the assuned reactér is given in Fig. 4.
Tt consists of a alsb of fuel with internal distributed heat sources,
insulated on one side and iransmitting heat to a graphite sleb on the
other side, The graphite slab is cocled by the gas flow, The partial

differentisl equations for the fuel, graphite and gas temperatures are:

r, a1
k, —F + @ = pe, —F 1.2.1
2 32 2°2 T
o1, a1,
A ———— b c ——t—_— 10402
Ky 242 Mo T
8g . 99
v o ot e T b(Tl -8) 1.4.3
The boundary conditions are:
3T2
¥ =¥, -5;- = 0 L4k
y=y N R 1.4s5
1 2 37 5o sl
Tz = Tl 15496-
E)'.'I.‘1 :
¥y=0 ky 7y 1’1_('1_.‘1 - 6) -Lu4.7
x=0 g = 90_(?.) : 1.4.8

Taking the Laplace transform of equations {1l.4.1} to {1.4.3)} with reapect
to the variable t, and solving the resulting gystem of ordinary differen—
tisl equations, it is found that the inlet temperature—cutlet temperature
transfer function is:

— 1

- o Le4e9

PR
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q.k. .
with A= = ?{2"]—;5 sinh 4y sinh qz-('y2 - yl) +
175
Lk _
+ {s+ b} o sink q,¥, cosh t:lz(y2 - yl) +

+ s cosh 0¥, cosgh q-z.(;,r2 - yl) +

. 9k . . .
+ (8 + b) n cosh q;y;  sinh q2(y2 - yl) 1.4.10
9k :
n=v Gk, sivh 9,¥; sirh qz(yz - Yl) +
9k

+ v p sinh 447, cosh qz(yz_ - yl) +

+ ¥ cosh HYy cosh qz(;;r;2 - yl.) +

gk,

+ v =3~ cosh q;y; simh ::;2{3'2 - yl_} 1.4.11

The power-cutlet temperature transfer function ig:

- 4y
S b 1- e_ !
-E— = Fc-l-; A sinh q2(y2 - yl) 1.4.12

- Both transfer functions (1.4.9) and (1,4.12) have been plotted for
all values of & along the j-axie in Figs. 5 and 6, respectively, How-
ever, they are rather cumbersome to use and, therefore, it is appropriate
to examine whether it is possible to corceive a different model of heat
transfer in the resctor which might lead to simpler mathematical ex—
pressione,

Various possibilities have been stutied but only the one described
subsequently gives results comparable to the results of model I,

1.5 Temperature and Power Transfer Functions — Model IT.

A representative subcell of the approximate reactor is given in
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Fig. 7. 7Tt consists of a glab of a fictitious solid vwhose thermedynsmie
properties are an appropriate average of the moderator and fuel proper—
ties of the subcell given in Fig. 4. The heat source is given as a heat
flow at the fuel-graphite interface, The other side of the fictitious
slsb is cooled by the gas flow.

The Weat balance equations for the solid and gas ares

ot _ 1 ar
PYCRRR 1 131
a8 Je _
vo: T et < b(T - 8} 1.5.2
The boundary conditions are:
aly, - ¥y)
= - 2 "1 T _
¥ =T, § = /g = 3 1.5.3
7=0 k2L = e -9 1.5
5y o5
x=0 8 = o(t) ’ 1.5.5

Taking the Leplace trensform of equations (1.5.1) and {1.5.2) with re-
spect to + and solving the resulting system of ordipary differential
equationa, it 1a found (Appendix 4) that the inlet temperaturs-cutiet

temperature trapsfér function is:

Eﬂ —fl.l
- = e 1.5.6
=y
[+]
L5 R
qy
with £ = £,k _ kB ° 1.5.7
1 L

Eﬂ.
l+h tarh qy_o

The power-outlet temperature transfer function is:
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_hhn e+n L)/, 5t L5.8
hcoshqyo vi‘l bt

After some mmerical computations given in Appendix s, the transfer

of h‘g_pl

functions (1.5.6) and (1.5.8) have been plotied aléng the j-exis in
Figs. 8 and 9, vespectively. Comparing those figures to Figs. 5 and 6,
it is seen that model II is a good approximation of the gas-cooled liquid
metal fueled reactor and since it ieads to simpler mathemstical expreog
sions, it will be adopted for further calculations, unless otherwise
gtated,

1.6 Gas Velocity Transfer Function.

The gas—cooled resctor under consideration is designed to operate
at & constant temperatiiré risé seross the reactor coré. Hence, in the
case of a change of the load, the gas flow and therefore the gas velocity
through the system changes. Since the heat transfer doe'i‘ficiants depend
on the gas velocity, the outlet gas temperature is a function of the gas
veloclty alsc.

Assuming small changes in gas velocity and uzing a perturbation
method, the transfer funcition between gas velocity and outlet gas tém-
perature can be derived. .

The steady-state solution of equations {1.5.1) and {1.5.2) is:

_ ks bx

1=8 + & (1+_v) +8y 1.6.1
_ bkSx

9-90 + e 1.6.2
-8 = £8 a5 y=0 1.6.3

If & prime indicates the variation of a physical guantity for a variation

of velocity, the egquations for the moderator and gas temperaiiures are:
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e 1 41° .

o e 1.6.4
ay =< 3%
487 ae e _ - -
viE vv iz o+ S b{E! - 8) + (T - ) 1.6.5
with the boundary conditioms:
3T
=y 2L = 1.6.6
¥ =7, -0
_ e _ ;
y=0 k;};——- hi{ft ~ &) + h? (T - 0) 1.6.7
x=0 g = 4] 1.6:8

Replacing @ and T by their stesdy-state valuves, taking the Laplace trans—
form of equations (1.6.4) and {1.6.5) and solving the resuliing systam of
ordinary differential equations, it is found that the gas veloeity outlet

gas temperature transfer function is:

[} K ~£,2
e (0,8(5 - vfl) + b) (1 -e - ) 5 1.6.9
¥t v fl

In the derivation, it is assumed that the parameters b and h vary like
the 0.8 power of the gas veloclity,
& plot of equation (1.6.9) along 8 = jo is given in Fig, 10,

1.7 Temperature Dependence of Reasctivity.

The reactivity depends on the average moderator and fuel tempera-
tures, Any variation of gas inlet temperature, heat rate released in
the fuel or gas velocity affect the reactor temperstures.

The variation of reactivity is given by:

— 3 a
pox =[=2 N pr & [SEEE) ap, L.7.1
(am a, ) AV Ty, iV

Tne pertiel derivetives of reactivity with respect to Tﬂ, dapd TAV
m £
can be easily found.('?)
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The average temperatures are derived by integrating the temperatures
for one cell and weighting the average cell temperature by the square of
the neutron flux in a first-order approximation and further integrating
throughout the cubic cors. However, in the present case, the heat rate
has been assumed constant and therefore the aversge temperature of one
cell is adequate.

1.8 Moderator Average Temperature snd Transfer Functions,

The temperature of the fietitious sclid is a good approximation to
the moderator temperature and 1t will be used to evaluate the average
temperature of the latter.

The temperaturs of the fictitious solid is a solution of equations
{1.5.1) and (1.5.2) and is equal to:

T =4 cosh gy +B! ninh q y ' 1.8.1
where A', B! are constants determined from the boundary conditions (1.5.3)
to {1.5.5).

Assuming a small perturbation in the input temperature, the power

level and the gas velocity, and after some algebra, the average tempera~

turs of the moderator is found to bes

— tarhqy ' (l ) e—fl.i)__

T = - - 9 +
AV K ]
n flﬂ-qyo(l-liﬁtanhqyo)
' .y, £ L]
tanhqyo e ﬂl . atb 1 1-a 1 ) coshqyo -1 S
ko £ vE Tf 4 2 Y27
hqyo(lizqtanhqyo)coshqyo 1 1 1 kg yocoshqyo
ﬂfll _
i-e (0 P D.Ss+b) + C.83+b
, e, Tpr— O -TET)N 1.8.2

havg” 1+ ':kﬁg' tarnhqy,,
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4 plot of the transfer functions associated with equation {1.8.2) is
given in Figs. 11, 12 and 13.

1.9 Fuel Average Temperature and Transfer Functions

The compubations for the fuel average temperature are similar to
the ones for the moderator. However, in this case, model I is used, since
model IT does not take prbperly_ into account the fuel volime,
Solving the system of equations {1.4.1) to {1.4.3) with the proper
boundary conditions, it is found that:
Ap

AV, Hy-31) | a2

.y,
7
vb (g% -1l+e z ( ) °(2 —
+ — — sinh™q, (y.—7. + === 1q +
2 2We Y1 k s
A (3,7r) A 2
A A
ey S0, (7-F) - &t -wd
. Q(yz yl) 2Wa Yl 1-e T+ Q,8s+b . 'l-l—e " nHse

1,19 Neutren Kinetics Transfer Funetion,

The power released in a nuclear reactor is proporticnsl to the

neutron flux which can be computed from the pentron kinetics equations.

2
© BT
dn _ n -
i [k'ei‘f' (=8 - l]"ﬁ- +. e zi )\l G.i 1.10,1
dG. k
i _ eff n
Fr Bi —_— ,f——'* - kl Ci 1.10.2

e_Baf['

ff_; around the steady-state value the neutron

kinetics equations can be linearized and the following transfer function

For small wariations of ke
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ig fotmd(B) H

1--:32_,L 51
1. Bk A 1.10.3
K i

s(£+zi:s+.>\ )

1,11 Reactor Block Diagram.

A1 the transfer functions derived in the previous trestment have
been assembled fogether in Fig. 14 to give a block disgram representa—~
tion of the reactor.

The reactor is considered as having two inputs , the gaé input tem—
persture and velocity, and one output, the gas output temperature. Jo-
side the remctor; various feedback loops relate power and reactivity to

temperature.,
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2. HEAT EXCHANGER TRANSFER FUNCTIORS

2.1 Heat Exchanger Description.

From the outlet of the reactor, the hot gas is piped to the heat
exchanger where heat is transferred to the secondary coolant loop. The
heat exchanger is of the counterflow type and consists of an economizer,

a boiler and a superheater. The secondary coolant is water,

Fach of the three components of the heat exchanger may be visuallzed
as consisting of a single tube containing the secondary coolant_ in the
proper phase and swrrounded by heliua gas, which in turn is contained in a
concenirie shell {Fig.1l5).

2.2 Trangfer _I".un_ctions of the Heat Exchanger.

The transfer functions between the incoiing fluid temperatures and
the outgeing fluid temperatures will be derived for the superheater and
the boiler. The iransfer functions of the econdmizer are similar to the
ones of the superheater aince in both cases it ig assumed that the
secondary coolant is in the liguid or vapor phase respectively.

The agsumptions behind the derivation of the transfer functions are:

(2} The turbulence is very high in both fluids,

(b) ‘Ythe heat conduction azlong the axizl direction of the tube and
the shell ig zero.

{c) The heat conductivity of the tube and the shell along the
redius is infinite,

{d) The heat losses to the surrounding are zero.
{e)} The heat transfer coefTicients are congtant.

The nomenclature of the foliowiung sections is:

e pt
Y
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heat transfer coefficlent on the water side
heat transfer coefficient on the hellum side
heat tranafer coefficient on the shell side

superheater length §' = beiler length
complex frequency
time

water velocity

b4, 1
o, hr

-
h ot
22 et

Mg
boby -1
Moo hr

593
Bi_
TN et

0y
k . =]

383 !
A

specific heat of water BTU/1b %F
specific heat of helium BTU/1b °F
specific heat of the tube BTU/1b °F
specific heat of the sheil BTU/1b °F
L 8 + mﬁ(:ﬁbz) - o= = B8+ ?‘2(8%"!”) + &35
vl s+‘pl+b 5 2 v2 a+b1+b:& s+b3
E PO T ot
71 s+bl+b2 4 Vo s-H}l«?hz

s+b
:] wl
3 + - a, +: a g
5% 0, %2 ¥ sio; %3

BTU/££% ur OF
BTU/£t° hr OF
BTU/Tt° hr %

ft
—

hr
ft/hr
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helium velocity

running length along the heat exchanger

surface of tube on the water aide
surface of tube on the helium side
surface of the shell

fluid flow through the mixing volume

mass of water ;nside the tubes

masg of helium inside the heat exchanger
mass of the tube

mags of the shell

mixing volume
transport time between the reactor amd
the heat exchanger

3, - £

FNT R X

2
J(fz )% - ang,
see equation (2,3.9)

watar temperature

inlet water temperature
outlet water temperature
heliwm temperature
outlet heliwt temperatiure

inlet heliwm temperature

fifhr
ft

£t
£t
ft
3 tB/hr
1b
1b
10

1b

o

hr

ot
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Gi n tempasrature of the fluid before mixing F
6_,, = temperature of the fluid after mixing p
,61 = tube témperature’ %

. @
ﬂs = 'ghell temperature F

Any overbarred symbol implies the Laplace transform of the increment
above the steady-state value of the quantity in question,

2.3 Superheater Transfer Functions.

In the superheater section of the heat exchanger the secondary coolant
is in the vapor phase. A heat bslance in &n elementary volume of the
superheater results in the following equations for the stesm, the internal

tube, the helium gas apd the external shell respectively (Fig,15):

391 26,

% * e (ﬁl - Ql) 2,3.1
9%,

55 = b8 ~ 4} +by(6, - 4)) 2.3.2
392 392

3% " ey = ag(,dl - 92) + a3 (ﬁg— 92) 2.3.3
ap

T = b5(8, - £,) 2.3.4

The boundary conditions ares
x = @ 8 = Gl[ - 24345

x = A 8, =6, 2.3.6

The solution of the system (2.3.1) to {2.3.4) in terms of the com-

plex frequency s, is found %o be:
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ot {z )
5 =5, Sstos [BUx) +2] o (D9® sich gx
) , sioh (gL + )

1= %0 simh (8L + A) 2.3.7

£ ot
2. =0 & e pimkh Bl{-x) = x(x~f) ainh{Bx+)
8, =9y If3 sinh(BL +2) T %2f © sinh (31 +3) 2.3.8
where A is defined by the equation:
- A
A X
VEE,

The transfer functicns relating gas and steam inputs to ges and

sinh 20309

ateam cutputs are obtained by replacing x by O or £ in sccordance with
the case. They are given expliciily in Fig. 16 and have been plotied
for s = Jw in Figs. 17a and b,

2.4 Boiler Trasgfer Funchion .

In the boiler section of the heat exchanger thé secondary coolant
iz in the saturated vapor phasa’ and its temperature is constent when
the steam pressure is constant. The hemt balance equaticns for the in-
ternal tube, the heliwm gas and the shell are the same as equations
{2.3.2) to (2.3.4) with 91 constant,

The houndary conditions are:

x=0 92 = ) szi(t) Ladinl

The solution of this system of equations in terms of the complex

frequency gives the gas transfer function as:

Fil
-+ =
e 2 M2

[23 =

agn = o 2u4.2

2.5 Fluwid Flow Transfer Functiong.
The effect of fiow variations of the flulds going through the heat

exchanger has been studied by a perturbation meﬁhod(&) but the formulsze
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obtained are complicated and long and they are omitted from this presenta-
tion.

2,5 Steam Drum, Mixing Volumes and Pipe Transfer Fupctions.

Mixing in the stesm drum, or at any mixing volume at the inpits or
outputs of the resctor or the heat exchanger, introdices s single lag

trapsfer function of the form:

5 1
Wcut = v 2-6-1
‘}in 1+ F®

. Pipe connections have a pure time delay associated with them, The

transfer function of & pipe is e_sT.

2,7 Heat Fxchanger Block Diagram.

The time behavior of the hest exchanger under inlet temperature
variation is a problem of moving beundary conditions. ¥For instance,
as the inlet water temperature incresses tiie economizer tube length is
decreasged; boiling starts earlier and hence the superheater tube length
is increased.

4 first approximstion te this can be obtained by comaidering the
lengths of the componments of the heat exchanger congtant and by ag—
sembling in a block diagram (Fig, 18) the transfer functions of the
superheater, the boiler, the steam drim &nd the ones of the economizer
vwhich are similar to the transfer functions of the superheater, A8 a
perturbation in the vapor inlet temperature takesg time to propagat-e through
the boiler, a pure delay transfer function has algo been included. The
approximation 18 good in a quasi-steady state when the gradiént of the
secondary coolanti témperature in the economizer and the superheater are

equel and the boiling tube length is constant (Fig. 19 a, b, ¢).
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3. OSTEAM PLANT
The steam from the heat exchanger is fed into a turbine which is
coupled to an alternator. The entire steam plant is conventiomal in
every respect,
The derivation of the steanm plant transfer functions has been dealt
with for many years. The turbine-alternator transfeér fimctions have been
given by M. Ri-az(a) s M. Megerovic and I, Gb;radovic(g) and Wo A, Heffron

and 2. A. Phillips(10)

Trangfer functions of d-c motors and generators
ag well as punps can be found in many textbooks. The condenser iz the
only distributed parsmeter system and it can be handled like the heat
exchanger with one of the fluids at cosngtant. temperature. Equation

(2:4.2) may be used,

4. POYER PLANT BLOCK DILAGEAM
The block diagrams of the reactor (Fig. 14) and the heat exchanger
(Fig. 18) as well as the block diagrams of the mixing volumes and pipes

are agsembled in Fig. 20, which is a block diagrem of the power plant,

5. CONCLUSION
The transfer functions of thé main components of a nuclear power
plant, i.e., the reactor, the heat exchanger and the condenser have been
derived. Those components are distributed parameler systems and the
transfer functions are obtained by integration of a get of partial dif-
ferential equations, The method is simple and straightforward when the

transform
Laplace fiechnique is uzed.
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The cbtained transfer functions can be spproximated for low fre—
quencies by rational functions of the complex frequency s and exponen—
tials of s, Thus they can be reépresented by electric networks and
delay lines.

A3 a final word, it is hioped thet this work will be useful for
the analog study of a reactor as it giveés a better représentstion of

the reactor and its sssoclated. power plant.
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Appendix A, DERIVATION OF THE POWER AND TEMPERATURE TRANSFER FUNCTTONS.

In this appendix, the derivation of eguations {1.5.6) and (1.5.8)
are given, The Laplace transform of equations (1.5.1) to (1.5.3) and

{1.5.5) are:

27 —
pizZ = 2T a
de = =
— = -
v =9 b(T - 8} A2
- T = 4
y - YO S - dy AB
x=0 8 = @0 AL
The soluticn of (al) is:
E“"=A.coshqy+ﬁsinhqy A5
Equation (45) is used in (1.5.4} vhich reduces tos
6 = - : 26
Using (45) and (46) in {42) and (A3), it is found that:
o _ kg _dB BB oL ok
A h Vg TAAL-8TT = by B a7
E = gA sinh qy,, + 4B cosh as,, A8
Eliminating B between (A7) and (A8), it is found that:
da _ —
x fl A = f2 s A9
kg tanh gy
with £ = 24Bx hk o 410
+ 24
1 5 tach ay_
k(s + b) 1
by e X AL
2 vh cosh gy, 1+58 tom oy



Al2

vhere ¢ is a consiant which will Ve determined, Eldminating B between
(A6) and (28), O is given by

5 = 7 4 K4 - _k _ 8 _
5} A(1+h tanhqyo)_ n oom A13

Replacing A by its value (A412), the gas temperature is:

-f x . «f_x
5=3 1 — k gth 1
86 e~ + 8 {h cosh gy, (Vfl )(1 : ) e

whers ¢ has been chosen such that B = 66 at x = 0.
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Appendix B, NUMERICAL COMPUTATIONS OF THE TEMPERATURE AND POWER TRANSFER
FUNCTIONS.

In this appendix, the computations of the transfer functions for
the gas-cooled liquid metal fueled reactor are given, The valuea of
the parsmeters ere given inm Teble I, For the numericsl computation,
Kenne]ly's(l) Tables of (omplex Hyperbolic Functions are useful.
Lgymptotic behavior.
(1) Temprrature transfer functions:

For :low frequencies

- kL, ¥ k ¥
5 —-j%—‘g 1+p(Bx 2ty 2
Model I: —= = @ 2 “q o= 3 Bl
%
- b4
5y a4 (i)
Model Ji: — = e = 1 B2
Y
o

In order to have a good agreement of model II with model I at low fre—

quencies, the average value of the parameters of model II are taken

stuch that
¥, ¥ {7.7,)
k'.l. o _ k'_]_ bt + R2WYWE Y] B3
ot ! <
1 1
= + M, =
and i (ﬂ) = M B
. K v M v My
vhere Ml = mass of moderator

M2 = masg of fuel

For high frequencies

4]‘&

. 8 +f -
Models I and II: rﬁ 6 7 e

90

BS
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{2} Power transfer functions:

For low frequencies

T 114
Motela Tsmd II: L = (y,-3) % B6
Q
For high frequencies
Models T and II: —= = 0 . BY
Q
TABLE I

Data for the Compubs tion of the Temperature
~and Power Trensfer Fuactions

b = A - = 226,000 hi >
h = heat transfer coefficient = 1,100 IE,TU/ft2 BrF
k) = conductivity of graphite = 36,2 BTU/hr £t%
A = average length of the gas channels = 3 f%
v = gas velocity in the channels = 1,710,000 £t/nr
v, = weighted moderstor thickness = 2,217 X 107° £t

_ : . - g
Yo~¥, = graphite thickness = 1.785 X 10 © It
o = gversge thermal diffusivity = 0,45 ft%/hr
Approximstion

As the desired transfer fun¢tions may be used for an analogue atudy
of the reactor, they are hereafter approximated by electrie lumped
networks and delay lines. The equivaient networks that are given have
transfer functiona that satisfy the following requirements,

They give the same behavior at sero mnd infinite fregquencies shen
compared to the exact transfer functions.



-

They £it the exact transfer fuﬁetionSOn & frequem-:y range vhere

the attenuation varies from 0 te 20 db.

Since the distributed parameter systems are not phase minimumm, the
standerd methods of approximation in the frequency domain do not apply.
In this case, the itype of approximate transfer function is chosen by in-
gpection of the a = jo plot of the spproximsted transfer function. The
parameters of ihe approximate iransfer fimection are adjusted by trisl
and error.

The appreximate transfer functlons for medels I and IT are:

Y o
a be ( Cw ( & _8
Ep;=e_v + 1o l+’?€§2 o ¥ )
=7 g B {Figs. % and 8
X (1 + “”"’““2500) (1 + 312)

_ B8
B, : _ d,
L oc 1 o 1= 174 % 1{:“4 8 (rig. 6) 39
G 1+ 2,8 X107 8 1+1LYXx30%s

B, -4
__)l o 1 x1=2.200 X320 T8 g o) B10
Q

1+248X10° 8 1+1.205%10%s

Reference

1. Ao E. Kennelly, "Tables of the Complex Hyperbolic Functions,®
Harvard University Press, 1914.

A, E, Kennelly, "Chart Atles of Complex Hyperbolic Circular
Functions,” Hervard University Press, 191/.
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Appendix C. TRANSFER FUNCTIONS OF THE HEAT EXCHANGER.,

In this appendix, the éomputati'on of the transfer Mmctions of the
heat exchanger are given. The following values for the paremeters have

been chosen,

= 300
vi = 2000 fi/hr
a;, = 250
v, = 90,000 fi/hr

They are good estimates of the parameters of the high presaure steanm

superheater at Calder Ball, The tube and shell heat capacitisshave been

. By Gapr
neglected, The trarsfer functions —== and are proportional to

6,9 G ps

each other and have beéen plotted in Fig. 17a after normalization to 1

e
for s = 0. At g = w, they are equal to zere. The functions __12
- 9121
92 g
and —=*  have nearly circular piots (Fig. 17},
e
2L —
4n approximation to the transfer function gl—*-f is :
y)
= -~ .8 _ .8
Gl£ » 1 1+ ¢.-—-.54-0 1 7370 .
= g 8 5
0212 l+350 1+540 l+49,70

using the same technique as in Appendix B,
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